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Abstract. Let / = (/i, . . . , /„) be an n-tuple of formal power series in noncommutative indeterminates 
Zi,...,Zn such that /(O) = and the Jacobian detJy(O) ^ 0, and let g = {gi,---,gn) be its inverse 
with respect to the composition. We assume that / and g have nonzero radius of convergence and g is 
a bounded free holomorphic function on the open unit ball 

[B{nr]i := {X = (Xi, . . . , Xr^) G B{Hr ■ XiX* + ■■■ + < /}, 

where B{'H) is the algebra of bounded linear operators an a Hilbcrt space T-L. 

In this paper, several results concerning the noncommutative multivariable operator theory on the 
unit ball (which corresponds to the particular case when / = (Zi, . . . , Z„)) are extended to 

the noncommutative domain 

B^CH) := {X e B{Hr ■■ aifiX)) = X and < 1} 

for an appropriate evaluation X i— > f(X). We develop an operator model theory and dilation theory 
for Bj('H), where the associated universal model is an n-tuple {Mz-^^, ■ ■ ■ , Mz^) of left multiplication 
operators acting on a Hilbert space H^(/) of formal power series. We obtain a Beurling type charac- 
terization for the joint invariant subspaces under M^^, . . . ,Mz^ and study the representations of the 
algebras they generate: the domain algebra A(B>f), the Hardy algebra H°°{Mf), and the C*-algebra 
C*{Mz-i I ■ • • 1 !^z„)- We associate with each n-tuple X G Bj-('K) a characteristic function 0/,jf and use 
it to provide a functional model and to show that it is a complete unitary invariant for the class of pure 
elements in BjCH). The commutant lifting theorem is extended to our setting and used to solve the 
Nevanlinna-Pick interpolation problem for the Hardy algebra H°°(Bf). 

Using a noncommutative Poisson transform associated with the domain Bj('H), we introduce a cur- 
vature invariant on B^('H), which turns out to be a complete numerical invariant for the finite rank 
submodules of the free Hilbert module 1HI^(/) IC, where IC is finite dimensional. 

When / and g are n-tuples of noncommutative polynomials (or certain free holomorphic functions), 
one can give up the condition /(O) = 0. All the results of this paper have commutative versions. 
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Introduction 

In the last sixty years, the study of the unit baU of the algebra B{H), of all bounded linear operators 
on a Hilbert space, has generated the celebrated Sz.-Nagy-Foia§ theory of contractions |35] and has 
had profound implications in mathematics and applied mathematics. In the last three decades, a free 
analogue of Sz.-Nagy-Foia§ theory on the unit ball of 5(7^)" has been pursued by the author and others 
(see [g, i, [24], [25], [26], [27], [21], [29], [30], [31], [2], [H], [2], [36], [34], [35], [40], [5], [6], [8]). 
This theory has already had remarkable applications in complex interpolation on the unit ball of C", 
multivariable prediction and entropy optimization, control theory, systems theory, scattering theory, and 
wavelet theory. On the other hand, it has been a source of inspiration for the development of several other 
areas of research such as tensor algebras over C* -correspondences and free semigroup (resp. semigroupoid, 
graph) algebras (see [H], [IS], [2D])- 

The present paper is an attempt to find large classes of noncommutative multivariable functions 
g : n C [B{7i)"]i — ?> B{H)'^ for which a reasonable operator model theory and dilation theory can be 
developed for the noncommutative domain g(f2). In other words, we want to transfer the free analogue 
of Nagy-Foia§ theory from the unit ball [B{H)"]i to other noncommutative domains in B{7i)", using 
appropriate maps. 

In Section 1, we obtain inverse mapping theorems for formal power series in noncommutative inde- 
terminates Zi, . . . , Zn, and also for free holomorphic functions. More precisely, we show that an n-tuple 
/ = (/i, . . . , /„) of formal power series with /(O) = has an inverse g = {gi, . . . , gn) with respect to the 
composition if and only if the Jacobian det J/(0) ^ 0. If, in addition, / and g have nonzero radius of 
convergence, we prove that there are open neighborhoods D and G of in B{HY such that f\D : D ^ G 
and g\Q : G ^ D are free holomorphic functions inverses of each other. 

Let / = (/i,...,/„) be an n-tuple of formal power series in indeterminates Zi, . . . , Zn such that 
/(O) — and det J/(0) 7^ 0, and assume that / and its inverse g — {gi, . . . ,gn) have nonzero radius 
of convergence. Due to a re-scaling, we can assume without loss of generality that g is a bounded free 
holomorphic function on the open unit ball 

[B(H)"]i := {X - (Xi, . . . ,x„) e B{nT ■■ x^xi + ■ ■ • + x„x: < /}. 

We consider the noncommutative domain 

Mf{n) := {X e B{nr ■■ g{f{X)) - X and \\f{X)\\ < 1} 

for an appropriate evaluation X i— > f{X) and using the functional calculus for row contractions to define 
g{f{X)). We remark that the domain above makes sense if we give up the condition /(O) = and ask 
instead that / and g be n-tuples of noncommutative polynomials or certain free holomorphic functions. 
In this paper, several results concerning the noncommutative multivariable operator theory on the unit 
ball \B{T-L)^]i are extended to the noncommutative domain By('H). 

In Section 2 and Section 3, we introduce three classes of n-tuples / = (/i, . . . , /„) for which an operator 
model theory and dilation theory for the domain Mf{H) will be developed in the coming sections. These 
classes consist of noncommutative polynomials, formal power series with /(O) = 0, and free holomorphic 
functions, respectively. When / belongs to any of these classes, we say that it has the model property. In 
this case, each domain Mf has a universal model {Mz-^, . . . , Mz„) of multiplication operators acting on a 
Hilbert space IE1I^(/) of formal power series. 

In Section 4, we show that T = (Ti, . . . , T„) G B{H)^ is a pure n-tuple of operators in Mf{'H) if and only 
if there exists a Hilbert space V and a co-invariant subspace A4 C H^(/)(g)I? under Mzi<E)Iv, ■ ■ ■ , Mz^®I-d 
such that the n-tuple (Ti, . . . , T„) is unitarily equivalent to 

{Pm{Mz,®Iv)\m,---,Pm{Mz^®Iv)\m)- 

The C* -algebra C*{Mzi, ■ ■ ■ ,Mz^) turns out to be irreducible and 

M*zMz, = {Zj, i, j e {1, . . . ,n}. 

If, in addition, / has the radial approximation property, that is, there is (5 G (0, 1) such that rf has the 
model property for any r G ((5, 1), we prove that, for any T :— (Ti, . . . ,T„) G B/(H), there is a unique 
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unital completely contractive linear map 

■^f^T:C*{Mz,,...,MzJ^Bin) 

such that 

*/,T (Mz„ M*z^ )=T^T;, a, /3 e F+ 

where Tq, := T^^ • • • Ti^ if a = • • • gi^, is a word in the free semigroup F+ with generators gi, . . . , gn. As 
a consequence we obtain a minimal dilation of T which is unique up to an isomorphism. 

We introduce the domain algebra A{Rf ) as the norm-closure of all polynomials in Mz^, - ■ ■ tMz„ 
and the identity. Under natural conditions on /, we use Paulsen's similarity result |22j to obtain a 
characterization for the completely bounded representations of .4(B/). We also show that the set M_4(Bj,) 
of all characters of A{B>f) is homeomorphic to (7(B„), where is the closed unit ball of C". 

In Section 5, we provide a Beurling [7] type characterization of the invariant subspaces under the 
multiplication operators Af^^, . . . ,Mz„ associated with the noncommutativc domain B^. More precisely, 
we show that if / = (/i, . . . , /„) is an n-tuple of formal power series with the model property, then a 
subspace A/" C H^(/) ig) "H is invariant under each operator Mz^ (8) 1-^, . ■ . , Mz„ 18) I-h if and only if there 
exists an inner multi-analytic operator ^ : IHI^(/) ^ £ IHI^(/) (g) T-L with respect to Mzi, ■ ■ ■ ,Mz^, i.e., 
4' is an isometry and '^{Mzi <E) Is) — [Mz^ (E) I-h)'^ for any i — 1, . . . ,n, such that 

Using some of the results of this section and noncommutativc Poisson transforms associated with the 
noncommutative domain B/, we provide a minimal dilation theorem for pure n-tuples of operators in 
B/('H), which turns out to be unique up to an isomorphism. 

In Section 6, we show that the eigenvectors for M|. , . . . , are precisely the noncommutative Poisson 
kernels associated with the noncommutative domain Bj at the points in the set 

B<(C) := {A e C" : g{f{X)) = A and |1/(A)|| < 1}, 



that is, the formal power series 



\ 1/2 

El/^WI' Et/W]"/- AeB<(C). 



i=l 



Moreover, they satisfy the equations M'^T\ — A^Fa, i = l,...,n. We define the noncommutative 
Hardy algebra _ff°°(B^) to be the WOT-closurc of all noncommutative polynomials in Mz^-, ■ ■ ■ -.Mz^ 
and the identity, and show that it coincides with the algebra of bounded left multipliers of IHI^(/). The 
symmetric Hardy space IHIj(/) associated with the noncommutative domain By is defined as the subspace 
JciX)^ where Jc is the WOT-closed two-sided ideal of the Hardy algebra i?°°(B/) generated by 
the commutators 

Mz^ Mz^ - Mz^ Mz,, i,j = l,...,n. 
We show that Ml{f) = spanfFA : A G B^(C)} and can be identified with a Hilbert space H^{Mf{C)) of 
holomorphic functions on B^ (C) , namely, the reproducing kernel Hilbert space with reproducing kernel 
A/ : B<(C) X B<(C) ^ C defined by 

A) := \ , A,/i e B<(C). 

1 -E.,=i/i(w/i(A) 

The algebra P[j2(^f)H°° (Mf)\]fj2(^j-^ coincides with the WOT-closed algebra generated by the operators 
Li ■= Pmi{f)Mzi |h2(/), i = 1, . . . , n, and can be identified with the algebra of all multipliers of the Hilbert 
space H'^(Mj- (C)). Under this identification the operators Li, . . . , L„ become the multiplication operators 
Mz-^, . . . , by the coordinate functions. The n-tuple (Li, . . . , L„) turns out to be the universal model 
for the commutative n-tuples from Mf{'H). 

In Section 7, we introduce the characteristic function of an n-tuple T — (Ti, . . . ,T!„) e Mf{H) to be 
a certain multi-analytic operator 9/,t '■ H^(/) ^ 'Df,T* — ^ ® T^f,T with respect to Mz^ . . . , Mz„, 

and point out a natural connection with the characteristic function of a row contraction [25j . We present 
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a model for pure n-tuples of operators in the noncomniutative domain MjiT-l) in terms of characteristic 
functions, and show that the characteristic function is a complete unitary invariant for pure n-tuples of 
operators in ©/("H). 

, we introduce, in Section 8, the curvature invariant of T = (Ti, . . . , T„) G Mf{'H) 



Using ideas from 
by setting 



curv/(T) := lim 



trace [K*f j~{Q<m ® Ivf^T)Kf,T] 



trace [Kl^,j^{Q<m)Kf^Mz] 
where i^/.T is the noncommutative Poisson kernel associated with T, and Q<m, ™ = 0,1,..., is the 
orthogonal projection of IHI^(/) on the linear span of the formal power series fa, a £ with \a\ < m. 
We show that the limit exists and provide an index type formula for the curvature in terms of the 
characteristic function. One of the main goals of this section is to show that the curvature is a complete 
numerical invariant for the finite rank submodules of the free Hilbert module H^(/)(g)/C, where JC is finite 
dimensional. Here, the Hilbert module structure of ]HI^(/) over C[Zi, . . . , Z„] is defined by the universal 
model [Mz^ , . . . ,Mz„) by setting 

p-h:=p{Mz„...,MzJh, p£C[Zi,...,Zn] and h£lf{f). 

In our setting, the Hilbert module H^(/) occupies the position of the rank-one free module in the algebraic 
theory [T7] . 

In Section 9, we use the commutant lifting theorem for row contractions [24], to deduce an analogue for 
the pure n-tuples of operators in the noncommutative domain Mf{'H). As a consequence, and using the 
results from Section 6, we solve the Nevanlinna Pick interpolation problem for the noncommutative Hardy 
algebra H°°{Mf). We show that if Ai, . . . , Am are m distinct points in (C) and Ai, . . . , Am € B{IC), 
then there exists $ e H°°{Mf )^B{K.) such that 

||$|| < 1 and ^{Xj) = Aj, j = l,...,m, 

if and only if the operator matrix 

Ik - AA* 



l-ELi/fe(A.)/fe(A, 
is positive semidefinite. 

We remark that, using the results from Section 6, we can provide commutative versions for all the 
results of the present paper. Moreover, a model theory and dilation theory for not necessarily pure 
n-tuples of operators in the noncommutative domain B^('H) (resp. varieties in By('H)) is developed in a 
sequel to the present paper. 



1. Inverse mapping theorem for free holomorphic functions 

Initiated in [37], the theory of free holomorphic (resp. pluriharmonic) functions on the unit ball of 
B{H)^, where B{T-L) is the algebra of all bounded linear operators on a Hilbert space has been 
developed very recently (see [37] [35], [31], [10], [H], [H], [13]) in the attempt to provide a framework 
for the study of arbitrary n-tuples of operators on a Hilbert space. Several classical results from complex 
analysis and hyperbolic geometry have free analogues in this noncommutative multivariable setting. 
Related to our work, we mention the papers [16], [19], [2^, and [47|, where several aspects of the theory 
of noncommutative analytic functions are considered in various settings. 

In this section, we obtain inverse mapping theorems for formal power series in noncommutative inde- 
terminates and for free holomorphic functions. We recall [37j that a free holomorphic functions on the 
open operatorial n-ball of radius 7 > (or 7 — 00) is defined as a formal power series / — X]aeF+ '^aZa 
in noncommutative indeterminates with radius of convergence r(/) > 7, i.e., {oia\aev+ 

complex numbers with r{f)^^ :~ limsupj._j.^ (X]|a|=fc I'^qP ) — 1/7' where is the free semigroup 
with n generators gi, . . . , and the identity go- The length of a G F+ is defined by |a| := if a = go 
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and \a\ := k if a = gi^-'-gif,, where ii,...,ik S If (Xi,...,X„) G B(T-L)^, we denote 

Xa Xi-^ ■ ■ ■ Xif^ and Xg^ :~ I-h. A free holomorphic function / on the open ball 

[B{nr]^ := {(Xi, . . . ,x„) e B{nr ■■ \\xix: + ■■■ + x„x;j|i/2 < ^1 , 

is the representation of / on the Hilbert space "H, that is, the mapping 

oo 

[B{n)% 3 (Xi,...,x„) ^/(Xi,...,x„) ■■=J2Y1 aaXc^eBin), 

k=0 \a\=k 

where the convergence is in the operator norm topology. Due to the fact that a free holomorphic function 
is uniquely determined by its representation on an infinite dimensional Hilbert space, throughout this 
paper, we identify a free holomorphic function with its representation on a separable infinite dimensional 
Hilbert space. 

A free holomorphic function / on [B{7i)"']j is bounded if ||/||oo '■= sup||/(X)|| < oo, where the 
supremum is taken over all X e [B{H)"']y and H is an infinite dimensional Hilbert space. Let ff^n 
be the set of all bounded free holomorphic functions and let ^baii^ be the set of all elements / G H^y^ 
such that the mapping 

[Biny% 3 (Xi, . . . ,x„) ^ /(Xi, . . . ,x„) e B{n) 

has a continuous extension to the closed ball [B{7i)''^]^. We showed in ^STj that H^^^ and ^baii.^ are 
Banach algebras under pointwise multiplication and the norm || • ||oo- 

For each i — we define the free partial derivation on C[Zi, . . . , Zn], the algebra of 

noncommutative polynomials with complex coefficients and indeterminats Zi, . . . , Z„, as the unique linear 
operator on this algebra, satisfying the conditions 

^ = Oifz^j 
dZi ' dZi ' dZi ' 



and 



d(ip^) dip , dtp 



dZi dZi' ^dZ, 

for any (fjip € C[Zi, . . . , Zn] and i,j = Note that if a = gi-^ ■■■gij,, \a\ = p, and q of the 

, . . . , gi^ are equal to gj , then is the sum of the q words obtained by deleting each occurrence 
of Zj in Za '■= Zi^ - ■ ■ Zi^ and replacing it by the identity /. The directional derivative of at Zi 

in the direction F, denoted by {^^^^ [i^], is defined similarly by replacing each occurrence of Zj in 

Za '■= Zi-^ ■ ■ ■ Zi^ by Y (see [IS]). Note that = \^\- These definitions extend to formal power 

series in the noncommuting indeterminates Zi, . . . , Z„. If F := ^ aa^a is a power series, then the free 

0!GF+ 

partial derivative of F with respect to Zi is the power series := X]QgF+ ""Iz^- 

We denote by S[Zi, . . . , Z„] the algebra of all formal power series in noncommuting indeterminates 
Z\, . . . ,Zn and complex coefficients. We remark that, for any power series G G S[Zi, . . . , Zn], 

is a power series in S[Zi, . . . , Z„]. Indeed, it is enough to notice that all the monomials of degree m > 1 in 
Zi, . . . ,Zn occur in the sum Tl,\a\=k (fiz^) l'^]- Consequently, we can use the directional derivative 

of F at Zi to define the mapping 

||):S[Z„...,Z„]^S[Z„...,Z„], 
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Let _ff be a formal power series in indeterminates Wi, . . . , Wn and let G = (Gi, . . . , Gn) be an n-tuple of 
formal power series in indeterminates Zi, . . . , Zn with G(0) = 0. Then we have the following chain rule 



d{H o G) 
dZi 



E 

fc=i 



dH 
dWk 



dGk 

dZ,, 



W=G(Z) 

where Z = {Zi, . . . , Z„) and W = (Wi, . . . , Wn)- Indeed, it is enough to prove this rule when H = Wa 
and a := Qi^- - ■ gi^ G F+. Note that, for each i = 1, . . . , n, we have 



5Ga 

dZ, 



dGk 
dZ, 



W=G{Z) 



Let F := (Fi, . . . , F„) be an n-tuple of formal power series in indeterminates Wi, . . . , Wn- We define the 
Jacobian matrix of F to be Jf ■= 4^' ^''^^^ entries in S[W^i, . . . , W„]. Note that 

JfoG = 



k=l 



\dWkJ 



dGk 
dZ, 



W=G{Z) 



UdF.\ 






\dGk^ 




\dWk) 


[•] 




nx n 




nxn 



which, symbolically, can be written as 

{Jf[-])OJg 



which is the substitute for the matrix multiplication from the commutative case. In particular, we can 
easily deduce the following result. 

Lemma 1.1. Let F := (Fi, . . . , F„) and G := (Gi, . . . , G„) he formal power series in n-indeterminates 
and such that G{0) = 0. Then 

Jfog(O) = Jf{0)Jg{0)- 
If F is an n-tuple of noncommutative polynomials, the condition G(0) — is not necessary. 



Theorem 1.2. Let f = (/i, . . . , /„) be an n-tuple of formal power series in indeterminates Zi, 
and with the property that 

dctJ/(0):-det[|^ 1^0. 



■ ) Zn 



Then the set {fa}aevt linearly independent in S[Zi, . . . , Zn]- 

Proof. First, we consider the case when /(O) = 0. Let A := J/(0)*, where t stands for the transpose, and 
let f = G = [Gi, . . . G„] be an n-tuple of power series in noncommuting indeterminates Zi, . . . , Z„, of 

the form 

G= [Zi,...,z„]A+[Qi,...,g„], 

where Qi, . . . , Q„ are noncommutative power series containing only monomials of degree greater than 
or equal to 2. In what follows, we prove that the couiposition map Cq '■ .... Z.,,] S[Zi, .... Zn] 

defined by Cg'^ '■= ^E* o G is an injective homomorphism. Let F be a formal power series such that 
F o G = 0. Since A G Mnxn there is a unitary matrix U G Mnxn such that U~^AU is an upper 
triangular matrix. Setting := [Zi,. . . , Zn]U, the equation F o G = is equivalent to F' o G' = 0, 
where F' := $[/ o F o $^7-1 and 

G' :=$c/oGo$t,-i = [Zi, . . . , Zn]U-^AU + U-^[Qi, . . . ,Qn]U. 

Therefore, we can assume that A = [a^] € Mnxn is an invertible upper triangular matrix and, therefore 
an 7^ for any i = 1, . . . ,n.. We introduce a total order < on the free semigroup F+ as follows. If 
a, ^ e F+ with \a\ < we say that a < /3. If a, ^ e F+ are such that \a\ = \f3\, then a = gi^ - ■ ■ gi^ and 
13 = gj^ - ■■ gj^ for some ii, . . . , ik,ji,- - - ,jk € {1, • • • , k}- We say that q < /3 if either ii < ji or there 
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exists p G {2, . . . , fc} such that ii — ji, . . . , = jp^i and ip < jp. The relation < is a total order on 
F^. According to the hypothesis and due to the fact that A is an upper triangular matrix, we have 



(1.1) Gj=J2^^JZ^ + QJ, J = 



.,n. 



Consequently, if a = • • • ^i^. G F+, ii, . . .i^ G {1, . . . , n}, then 

(1.2) G„ := G,;, • • • G., =L<" + a,,,, •..a,,,,Z„ + ^'("\ 

where L^" is a power series containing only monomials Zp such that \(3\ = \a\ and (3 < a, and ^i^") is a 
power series containing only monomials Z^ with I7I > |a| + 1. 

Now, assume that F has the representation F ~ J2'^=o ^\a\=p ^aZa, Ca G C, and satisfies the equation 
F o G = 0. We will show by induction over p, that J2\a\=p'^o:Za — for any p = 0,1, . . .. Note that the 
above-mentioned equation is equivalent to 

00 

(1.3) = 0- 

P=0 \a\=p 

Due to relation (|l.ip . we have cq = 0. Assume that Ca — for any a G F+ with |a| < k. According to 
equations (jl.2p and (jl.3p . we have 

00 

^ c„ (L<"+d^(a)Z„ + ^ ^c„G„=0, 

|Q|=fc p=k+l |q|=p 

where d^(a) := a^^j^ . • • 0^^^,^^ if a = gi^ ■ ■ ■ G F+ and ii,...ik G {1, • . • , n}. Since is a power 
series containing only monomials Z^ with I7I > |a| +1, and the power series Ga, \ol\ > fc + 1, contains 
only monomials Za- with |(t| > fc + 1, we deduce that 

(1.4) ^ c„(L<" + dA(a)Z„) =0. 

\a\=k 

We arrange the elements of the set {a G F+ : |a| — fc} increasingly with respect to the total order, i.e., 
/3i < /32 < • ■ ■ < Note that (3i = g'l and = gjj. The relation (|1.4p becomes 



(1.5) ^(c^^.L<ft+c^^d(/?,)Z0^.) =0. 

i=i 

Taking into account that L^°' is a power series containing only monomials Zp such that = |a| and 
P < a, one can see that the monomial Zp ^ occurs just once in relation (II. 5p . Consequently, we must 
have Cjs ^d{/3nk) = 0. Since 7^ aj"j„ = d{(3„k), we must have C/3 j, = 0. Then, equation (|1.5p becomes 

(cft.M/<^^ +Cftd(/3,)Z^,)=0. 

i=i 

Continuing the process, we deduce that cp. — for j = 1, . . . , n'^. Therefore Ca — for any a G F^ with 
\a\ = fc, which completes our induction. This shows that F ~ 0. 

Now, we consider the case when /(O) 7^ 0. Then fi = /i(0)/ + Gi, i = 1, . . . ,n, for some n-tuple G = 
[Gi, . . . G„] of formal power series in S[Zi, . . . , Z„] with G(0) = 0. According to the first part of the proof, 
the set {Ga}a^f+ is linearly independent in S[Zi, . . . , Zn]. Consequently, setting A4k ■= span{GQ.}|Q|<fc, 
fc > 0, we have dimMk = 1 + n + n'^ + ■ ■ ■ . Now, assume that {/a}Q,gp+ is not linearly independent in 
S[Zi, . . . , Zn]. Then there exists m > 1 such that {/Q}|Q|<m is not linearly independent. This shows that 
the space J\fm ■— span{/Q}|jj|<„ has dimj\fm < 1 + n + n'^ + ■ ■ ■ n™ = dim A^^. On the other hand, note 
that for each a G F+, is a linear combination of G^ with (3 G F+, \/3\ < \a\, and each Ga is a linear 
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combination of with (3 € F+, |/3| < |q;|. Consequently, Mm = Mm and, therefore, dimTVm = dim A^m, 
which is in contradiction with the strict inequahty above. The proof is complete. □ 

Now we prove an inverse mapping theorem for formal power series in noncommuting indeterminates. 

Theorem 1.3. Let F = {Fi, . . . , _F„) he an n-tuple of formal power series in indeterminates Zi, . . . , Z„. 
Then the following statements are equivalent. 

(i) There is an n-tuple of formal power series G — (Gi, . . . , Gn) such that 

G(0) = and F o G ^ id. 

(ii) F{0) = and the Jacobian det Jf(0) ^ 0. 
In this case, G is unique and G o F = id. 

Proof. Assume that item (i) holds. For each i = 1, . . . , n, let 

oo oo 
fc=0|a|=fc fc=l |a|=fe 

be such that Gi(0) = and F o G ^ id. Hence, we deduce that 



a-' + 4;)G, + J2 «a^Ga ^Z,, z = 1, . . . , n. 



4^^ + 

3 = 1 \a\>2 



Since Gi{0) = 0, if \a\ > 2, then each monomial in Gq has degree > 2. Consequently, we have ag*-* — 
for i — 1, . . . ,n, i.e., F{0) — 0, and ^2^=1 ^^aj^'gv = ^'^'^ ^ {li • • ■ i"-}- The latter condition 

is equivalent to Jf{0)Jg{^) = Im which implies det Ji?(0) 7^ and det Jg(0) 7^ 0. Therefore, item (ii) 
holds. 

Now, we prove the implication {ii) (z). Assume that condition (ii) is satisfied and let Fi := 

Z]feliZ]|a|=fc"a^-^a- We need to find and n-tuple G = (Gi,...,G„) with G^ := Y.k'=iY.\a\=k^^a Za 
such that G(0) = and F o G = id. Therefore, we should have 

(1.6) ^a^^'G^-Z,, i = 

|q|>1 

We denote by Coef^^ {H) the coefficient of the monomial Za, a E F+, in the formal power series H. Due 
to relation (|1.6p . we have 

S^p = Coefz^(Z,) = ^4;)Coef^^(G,) = J2"^^'i! 

for any i,p G Hence, we deduce that Jf{0)Jg{0) = /„, where Jf(0) = [flg'-'ji^j^i and 

•^g(O) = [&gj^]i,j=i,...,n- This implies that Jg(0) is the inverse of Jf(0) and, therefore, the coefficients 
{ba}\a\=i,i=i,...,n are uniquely determined and det J(3(0) 7^ 0. Now, we prove by induction over m 
that the coefficients {ba''}\a\<m,i=i,....n are uniquely determined by condition (jl.6l) . Assume that the 
coefficients {6a'*}|Q,|<m_i_i=i ...^„, to > 2, are uniquely determined by (|1.6p . Let /3 = ■••.'7pm G IFn 
with pi, . . . ,Pm € {1, . . . , n} and m > 2. Note that condition (|1.6p implies 

^ aWG J =Coef^ J ^aWG,,+ ^ G,, G,, + • • • + «S1 G,, ••• G, 

|a|>l y yi^l jij2-l 

n n I 

il = l ilj2 = l \CTlCr2=/3,<Ti,CT2eF+\{go} 
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for each i = 1, . . . , n. We consider the matrices 



Jf{0) = 



i.ji — l,...,n 



(i) 



for 2 < k < m, and the column matrices 



B 



nxl 



B 



E 

CTi---(Tfc=^,o-i,...,(TfceF;t\{go} 



. . . hUk) 



for 2 < k < m. The equahty above is equivalent to 



JF(0)i?i'',\ 



+ • • • + Anxn™- -B^^m y,i — 0„xl 



where 0„xi is the column zero matrix. Since the entries of the matrices B 
coefficients where < m — 1 and j — 1, . . . ,n, the relation 



^i™xi contain only 



Bi^xl = -MOy'A^xn-Bl^J^^ Jf(0)-^A„ 



(/3) 



.5 



(/3) 



shows that the coefhcients {6^*''}|^|=m,j=i,....n are uniquely determined. This completes our proof by 
induction. Therefore, the item (i) holds. Since G(0) = and det Jg(0) 7^ 0, the result we proved 
above implies the existence of an n-tuple of formal power series H ~ {Hi, . . . , _ff„) such that H{0) =^ 0, 
det Jh{0) 7^ 0, and G o H = id. Hence, and using item (i), we deduce that 

H^idoH = {FoG)oH = Fo{GoH) = Foid^F 

and G o F = id. The uniqueness of G is now obvious. The proof is complete. □ 

The rt-tuple G — (Gi, . . . , G„) of Theorem 1 1.31 is called the inverse of F = (Fi, . . . , F„) with respect to 
the composition of power series. We remark that under the conditions of Theorem 11.31 the composition 
map Cp ■ ^[Zi, . . . , Zn] — > S[Zi, . . . , Z„] defined by GfA := A o _F is an algebra isomomorphism. 

Let Hn be £111 72-d.imeiisioncLl complGx Hilbcrt spcicc with, ortlionorma,! ba^sis 61, 62, • ■ • ? 

where 

ne{l,2,...}. We consider the full Fock space of i?„ defined by 

k>l 

where H^'' is the (Hilbert) tensor product of k copies of Hn- We denote := e 
a = gh ■ ■ ■ gik, where ii,...,ik e {!,..., n}, and Cg^ 

for F^{Hn). Define the left (resp. right) creation operators 5,; (resp. Ri), i — 1, . . . ,n, acting on F^(iJ„) 
by setting 

S^(p := e^(E)(p, ipeF'^{Hn), 

(resp. Ri(p := (fi (E) e^). Note that SiRj = RjSi for i,j G {1, . . . , n}. The noncommutative disc algebra 
An (resp. TZn) is the norm closed algebra generated by the left (resp. right) creation operators and the 
identity. The noncommutative analytic Toeplitz algebra F^ (resp. R^) is the the weakly closed version 
of An (resp. TZn)- These algebras were introduced in |27j in connection with a noncommutative version 
of the classical von Neumann inequality ([48j), and have been studied in several papers [25], [26], [28) . 
[29], m, [32], [I], [H, [H], [2], and 

Let f2 C B{T-LY be a set containing a ball [B{T-L)"-]r for some r > 0. We say that f : Q. ^ B{T-L) is a 
free holomorphic function on 57 if there are some complex numbers Cq., a G F+, such that 



cl®0i^^^ 



■■ ■ ® <^ik if 

1. Note that {^a\iy^f+ is an orthonormal basis 



k=0 \a\=k 

where the convergence is in the operator norm topology. As in |37j , one can show that any free holomorphic 
function on fl has a unique representation as above. 

If / = (/i, • • ■ , fn) is an n-tuple of formal power series, we define the radius of convergence of / by 
setting r(/) = mini=i....^„ r(/i). According to [37], fi is a free holomorphic function on the open ball 
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[B{'H)"']r{f) for any i = 1, . . . ,n. The next result can be viewed as an inverse function theorem for free 
holomorphic functions. 

Theorem 1.4. Let f = (/i, . . . , /„) be an n-tuple of formal power series with nonzero radius of conver- 
gence such that /(O) = and det J/(0) ^ 0. Let g — (51, ... , be the inverse power series of f with 
respect to the composition. 

Lf g has a non-zero radius of convergence, then there are open neighborhoods D and G of in B['H)^ 
such that /Id : D ^ G is a bijective free holomorphic function whose inverse is a free holomorphic on G 
which coincides with g\G ■ G ^ D . 

Proof. First, note that according to Theorem 11.31 since /(O) = and det J/(0) ^ 0, there is an n-tuple 
g = ((71, . . . , gn) of formal power series such that g{0) = and go f = fog = id. Assume that / and g have 
nonzero radius of convergence r(/) > and r{g) > 0, respectively. Fix eo > such that eo < r{g). Since 
r(/) > and /(O) = 0, the Schwartz lemma for free holomorphic functions (see [37]) implies that there 
is So € (0,r(/)) such that < r{g) - eo for any Y e [B{'H)'^]J^. On the other hand, using Theorem 

I. 2 from [42], the composition Y g{f(Y)) is a free holomorphic function on [-B('H)"]^^. Due to the 
uniqueness theorem for free holomorphic functions and the fact that g o f = id as formal power series, 
we deduce that g{f(Y)) = Y for any Y € [B{'H.)'^]~^^. Hence, /|[^(^)„]- is a one-to-one free holomorphic 

function. 

Now, fix Co G (0, 5o). Since r{g) > and g(0) = 0, using again the Schwartz lemma for free holomorphic 
functions, we find 7 e {Q,r{g)) such that ||(7(X)|| < So — co for any X e [_B('H)"]^. As above, the 
composition X M- f{g{X)) is a free holomorphic function on [B{T-L)"]~. Due to the uniqueness theorem 
for free holomorphic functions and that f o g = id as formal power series, we deduce that f{g[X)) = X 
for any X e [^('H)"]^. Consequently, g\[B{HY]-, is a one-to-one free holomorphic function. 

Set G :— [-8(7^)"]^ and D g{[B{'H)'^]y). Note that g and / are free holomorphic (and, therefore, 
continuous) on [i3('H)"],.(g) D G and [B{'HY\sa Z) [B{'H)'^]sa^co ^ D, respectively. Due to the fact 
that f\[B{'H)"]so ' [-^(^)"]'5o ^ S('H)" is a one-to-one continuous function and f{g{X)) ~ X for any 

X G [i?(H)"]^, we deduce that the pre-image (^{f\[B{'H)^]so^ ([^(^)"]7) is an open set in [_B('H)"]5o 
which coincides with 

[B{Hr]s„ n gmnr],) - [s(h)"],-„_,„ n gmnr],) = gmnr], = d. 

Consequently, since D C [B{T-Ly"']sf, is an open set in [_B('H)"]5o, '^^ deduce that D is an open set in 
B{T-Ly^. The proof is complete. □ 

In Theorem II. 4[ we conjecture that the condition that g has a non-zero radius of convergence is a 
consequence of the fact that / — (/i, . . . , /„) has nonzero radius of convergence such that /(O) = and 
det J/(0) 0. However, this remains an open problem. 

We also remark that there is a converse for Theorem 11.41 Let D, G be open neighborhoods of in 
BiH)" and let ip : D ^ G and -0 : G L* be free holomorphic functions such that ip = (V'l, . . . , V'n) is 
the inverse oi (p = {ipi, . . . ,Lpn). Then the associated formal power series are inverses of each other with 
respect to the composition. Indeed, assume that has the representation X^fc^i X]|a|=fc ^''a X^ on Z), and 
Ipi has the representation X^fcLi Yl,\a\=k AT^ on G. Then, we ca find < r < 1 such that [i?(H)"]7 C G 
and Lp{%p{X)) = X for any X e [i?(H)"]^, where the convergence of the series defining ■0(A) and if{i!{X)) 
are in the operator norm topology. Hence, we deduce that ip{ip{rSi, ■ ■ ■ ,rSn)) = (rSi, . . . ,rSn)- Since 
ipi(jp{rSi, . . . .,rSn)) is in the noncommutative disc algebra Am it has a unique Fourier representation 
J^kLi X]|Q|=fc Ca^'''"''S'Q, where the coefficients Cq^ are exactly those of the formal power series ipi o ip. 

The equality above shows that Cq'' = if jal > 2 and Cg*' — Sij. Therefore, ip o ip ^ id. Due to Theorem 

II. 31 also deduce that tp o ip> — id, which proves our assertion. 
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2. Polynomial automorphisms of B{'H.Y^ 

In this section we introduce the set of n-tuples of polynomials with property {A) , which is one of the 
three classes of n-tuples / = (/i, . . . , /„) of formal power series for which an operator model theory and 
dilation theory for the domain Mf{'H) will be developed in the coming sections. 

Let C[Zi, . . . , Zn] be the algebra of noncommutative polynomials over C (complex numbers) and 
noncommuting indeterminates Zi, . . . , Z„. We say that an 71-tuple p = (pi, . . . ,p„) of polynomials is 
invertible in C[Zi, . . . , Z„]" with respect to the composition if there exists an n-tuple q = (gi, . . . , g„) of 
polynomials such that p o q = q o p — id. We remark that such an n-tuple of polynomials induces a free 
holomorphic automorphism oi B{H)"', i.e., the map $p : B{7i)'^ — ?> B{7i)" defined by 

%iX) . . .,Pn{X)), X = (Xi, . . . , X„) e BiUr. 

We say that $p is a polynomial automorphism of B{'H)^ and write $p G Aut{B{H)'^). Note that if p,p' 
are n-tuples of polynomials and $p, $p' are in Aut{B{H)^), then so is $pop' and ^pop' = $p$p'. 

Theorem 2.1. If p = (pi, . . . ,p„) is an n-tuple of noncommutative polynomials in Zi, . . . , Z„, then the 
following statements are equivalent. 

(i) p is invertible in C[Zi, . . . , Z„]" with respect to the composition. 

(ii) There exists an n-tuple q — (qi, . . . , qn) of noncommutative polynomials in Zi, . . . , Zn such that 
q o p ~ id. 

(iii) Zi, . . . , Z„ are contained in the linear span of {Pa^aev^ (where po :— I). 

(iv) The set {Pa}afzr+ is a linear basis in C[Zi, . . . , Z„]. 

Proof. First we consider the case when Pi{0) = 0, i = The implications (i) => (ii) and 

(ii) => (Hi) are obvious. To prove that (Hi) C*''^)? assume that condition (iii) holds. Since 

Zi, . . . , Z„ are contained in the linear span of {pa}^gjr+, there are some complex numbers {aa''}^^f+ \a\<7n 

such that Zi = J2\a\<Tn'^a''pa{Z), i = l,...,n. Setting q = (gi,...,q„) with qi{Z) I]|Q|<m "a^-^"' 
we have g(0) — and q o p — id. Due to Lemma II. 1[ we obtain det Jp(0) det J<;(0) = 1, which implies 
det Jp(0) ^ 0. Using now Theorem 11.21 we deduce that the set {Pa}a£F+ is a linearly independent in 
C[Zi, . . . , Zn]. On the other hand, condition (iii) also implies that C[Zi, . . . , Z„] is spanned by {pa} ■ 
Therefore, condition (iv) holds. 

Since (iv) => {iii) is obvious, it remains to prove that (iii) (i). As above, if (iii) holds, 

then there is an n-tuple q = (qi, . . . , q„) of polynomials with qi{0) — such that qo p — id and the set 
{Pa\a^Tg+ is a linearly independent in C[Zi, . . . , Zn]. The latter property shows that p is not a right zero 
divisor with respect to the composition of polynomials, that is, if G C[Zi, . . . , Z„]" and ip o p = 0^ then 
ip — 0. Due to relation q o p ~ id, we obtain {p o q — id) o p — Q. Since p is not a right zero divisor, we 
deduce that p o q = id, which completes the proof. 

Now, we consider the case when p(0) ^ 0. Assume that (iii) holds. Then p[ := pi—pi{0)I, i = 1, . . . ,n, 
has the property that p^(0) — and Zi, . . . , Z„ are contained in the linear span of {Pa}aew'''- ^PPlyii^S 
the first part of the proof to p' :— {p'l, . . . ,p'n), we deduce that the set {p'a}a£v+ ^ linear basis for 

C[Zi, . . . , Zn]. 

Consequently, setting Mt ■= span{p'^}|Q|<j,, fc > 0, we have dim A^^ — 1 + n + n'^ + ■ ■ ■ n'^ . Now, 
assume that {pa}c,<a¥+ '^^ linearly independent in C[Zi, . . . , Zn]. Then there exists rn > 1 such that 
{Pa}\a\<m is not linearly independent. This shows that the space Afm :— span{pa}\a\<m has dim Afm 
strictly less than dim A^™ = 1 -|- n -I- n^ -f • • • n™. On the other hand, note that for each a € F+, pa is a 
linear combination of p^Jj with /3 £ F+, < \a\, and each p'^ is a linear combination of pf} with f] G F+, 
|/3| < \a\. Consequently, J\fm — M^m and, therefore, dimA/'m — dimA^™, which is in contradiction with 
the strict inequality above. Therefore, the set {pa}^gjr+ is a linearly independent in C[Zi, . . . , Z„]. Since 
<C[Zi, . . . , Zn] is spanned by {pa}cc^]f+, we deduce that {pa}a^f+ is a linear basis in C[Zi, . . . , Zn], which 
shows that condition (iv) holds. Moreover, it shows that p is not a right zero divisor with respect to 
the composition of polynomials. Since Zi, . . . , Zn are contained in the linear span of {pa} a£r+ y we find 
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q G C[Zi, . . . , Zn] such that q o p = id. Hence, we obtain {p o q — id) o p = 0. Since p is not a right zero 
divisor, we deduce that p o q = id, which imphes (i). The proof is complete. □ 

We say that p ~ {pi, ■ ■ ■ ,Pn) has property {A) if any of the equivalences of Theorem 12 . 1 1 holds . 
Example 2.2. // 

Pi = aol + aiZi + 02^2 + a3^3^2 

^3 



P2 = ^0-^ + ^1^2 + ^2^3 + 



P3 Col + C1Z3 

are polynomials with complex coefficients such that aibici ^ then p = (pi,p2,P3) has property (A). 

In what follows we present a large class of polynomial automorphisms of B(%Y^ . 

Proposition 2.3. Let p = (pi, . . . ,p„) be an n-tuple of noncommutative polynomials in Zi, . . . , Z„ of 

the form 

[pi,...,Pn]^ [ail, a„J] + [Zi, . . . , Zn]A 

+ [qi{Z2, . . . , Z„), (72(^3, • ■ • , Zn), ■ . . ,qn-l{Zn),0]A, 

where G C, ^ G Mnxn is an invertible scalar matrix, and qi, . . . ,qn-i o,re arbitrary noncommutative 
polynomials in the specified indeterminates. Then p has property {A). 

Proof. According to Theorem 12.11 it is enough to show that Zi , . . . , Z„ are contained in the linear span 
of {pa}a£¥^- solve the formal system, multiply (to the right) both sides of the equality by A^^ and 
solve for the indeterminates Zn, Zn-i, . . . ,Z\ in this order. □ 



with property [A), then the Jacobian matrix 

Jp(0) 

is invertible. Moreover, for the class of noncommutative polynomials considered in Proposition 12.31 we 
have that Jp(^) is an invertible operator for any X G B{H)"^. This leads to the following question. Is the 
Jacobian conjecture true in our noncommutative setting? In other words, assuming that p = {pi, . . . ,pn) 
is an ri-tuple of noncommutative polynomials such that the Jacobian matrix Jp{X) is invertible for any 
X G B{Hy^ (or only for X = 0), does this imply that $p is a polynomial automorphism of B{T-L)'^ ? Of 
course, this is true if each polynomial pi has degree 1. 

Let p = {pi, . . . ,Pn) be be an n-tuple of noncommutative polynomials in Z\, . . . ,Zn with property 
{A). We introduce an inner product on 'C\Z\, . . . , Zn] by setting {pa,pf)) :— Sap, a,f3 £ F+. Let H^(p) be 
the completion of the linear space V{P"}aeF+ '^ith respect to this inner product. It is easy to see that, 
due to Theorem 12. 1[ the noncommutative polynomials C[Zi, . . . , Zn] are dense in IHI^(p). We define the 
noncommutative domain 

n 

Mj,{H) ■.= {{X,,...,Xn)€ B{H)" : Y.p,{X)p,{X)* < I}, 



{Pl, ■ ■ 


■,Pn 


' dpi 




[dZ, 


Z=0- 



which will be studied in the next sections. 
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3. HiLBERT SPACES OF NONCOMMUTATIVE FORMAL POWER SERIES 

In this section, we introduce the class of n-tuples / = (A, •■•,/«) of of formal power series (resp. 
free holomorphic functions) with property (S) (resp. (J-)) and the Hilbert space IHI^(/). The associated 
domain Mf{H) has a universal model (Af^i, • ■ • ,-^z„) of multiplication operators acting on M'^{f), which 
plays a crucial role in the dilation theory on the noncommutative domain By('H). 

We recall (see fTT) that the algebra i?baii of free holomorphic functions on the open operatorial n-ball 
of radius one is defined as the set of all power series / — X]QeF+ '^aZa with radius of convergence > 1, 

i.e., {aa}^^Y+ are complex numbers with limsupj._j.oQ [J2\a\=k kaP) — 1- ^^^^ case, the mapping 

oo 

k=0 \a\=k 

is well defined, where the convergence is in the operator norm topology. Moreover, the series converges 
absolutely, i.e., X^^q J2\a\=k '^aXa < oo, and uniformly on any ball [i?('H)"]^ with < 7 < 1. 

Another case when the evaluation of / can be defined is the following. Assume that there exists an 
n-tuple p — {pi, . . . , pn) of strictly positive numbers such that 

( 

limsup ^ \aa\pa < 1- 

\\a\ = k J 

Then the series f{Xi, . . . ,X„) :— X/fc°=o S|a|=fc "^""^ra converges absolutely and uniformly on any non- 
commutative polydisc 

P(r) :={(Xi,...,X„) eS(H)" : \\X,\\ < r,, j = 1, . . . , n} 
of multiradius r = (ri, . . . , r„) with rj < pj, j — 1, . . . ,n. 

We should also remark that, when [Xi, . . . , X„) e B{7i)" is a nilpotent n-tuple of operators, i.e., there 
is m > 1 such that Xa = for all a G F+ with \a\ ~ m, then f{Xi, . . . , Xn) makes sense since the series 
defining it has only finitely many nonzero terms. 

We need a few more definitions. Let g — X^feLo '^\a\=k ^aZa be a formal power series in indeterminates 
Zi, . . . , Zn- We denote by Cg(n) (resp. C^in), C^"'^{n)) the set of all Y := (Yi, . . . ,r„) G S(-H)" such 
that the series 

00 

5(Fi,...,r„) E 

k=0 \a\=k 

is norm (resp. absolutely, SOT) convergent. These sets are called sets of norm (resp. absolutely, SOT) 
convergence for the power series g. We also introduce the set C™'*(H) of all Y := (Yi, . . . , K„) G B{H)^ 
such that there exists 6 G (0, 1) with the property that rY G Cg\H) for any r G [5, 1) and 

00 

g(yi, . . . ,y„) SOT- lim V V a^r^'^W^ 

r— ^ — ^ ^ — ^ 

k=0 \a\=k 

exists. Note that 



tSOT 



C^m) C Cgin) C C^^' [U) and C7''(H) C Cg{U) 

Now, consider an n-tuple of formal power series / = (/i, . . . , /„) in indeterminates Zi, . . . , Z„ with 
the property that the Jacobian 



det J/(0) := det 







n 


[dZ, 


Z=0- 





^0. 



Due to Theorem 11.21 the set {fa} af^Fi ('^here /o T) is hnearly independent in S[Zi, . . . , Zn]- We 
introduce an inner product on the linear span of {/c(}„g]f+ by setting (/q,/^) := Sap, a,j3 £ F+. Let 
]HI^(/) be the completion of the linear space \l {fa} asw^ with respect to this inner product. Assume now 
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that /(O) = 0. Theorem 11.31 shows that / is not a right zero divisor with respect to the composition of 
power series, i.e., there is no non-zero power series G in S[Zi, . . . , Zn\ such that Go f — 0. Consequently, 
the elements of IHI^(/) can be seen as formal power series in S[Zi, . . . , Z„] of the form X]agF+ '^afa, where 

Let / = (/i, . . . , /„) be an n-tuple of formal power series in Zi, . . . , Zn such that /(O) ~ 0. We say 
that / has property (5) if the following conditions hold. 

(Si) The n-tuple / has nonzero radius of convergence and det J/(0) 7^ 0. 

{S2) The indeterminates Zi, . . . , Z„ are in the Hilbert space H^(/) and each left multiplication operator 
Mz, : ^ H2(/) defined by 

is a bounded multiplier of EI^(/). 
{S3) The left multiplication operators Mj. : IHI^(/) — > H^(/), Mf.il; = fj^p, satisfy the equations 

Mf^^f,{Mz„...,MzJ, j = l,...,n, 

where {Mz,,- ■ ■ , MzJ is cither in the convergence set C|°'^(H2(/)) or C'f'"^{m'^{f)). 

We remark that if / is an n-tuple of noncommutative polynomials, then the condition (53) is automatically 
satisfied. We should also mention that, in case {Mz^, ■ ■ ■ , Mz„) is in the set C™'^(]HI^(/)), then the 
condition {S3) should be understood as 

My. = fj{Mz,,. . .,MzJ SOT- lim fj{rMz„. . .,rMzJ, j = 1, . . . ,n. 

r— >1 

Remark 3.1. If p ~ (pi, . . . ,p„) is an n-tuple of noncommutative polynomials with property {A), then 
it has property {S) . 

Proposition 3.2. If f = (/i, . . . , fn) is an n-tuple of formal power series with /(O) — and property 
{S), then C[Zi, . . . , Z„] is dense in the Hilbert space ]HI^(/). 

Proof. Since Zi e B.'^{f) and Mz^ are bounded multipliers of IHI^(/), we deduce that Za G ^"^{f) 
for any a E F+ and, therefore, C[Zi,...,Z„] C ]HI^(/). Let fj, j — l,...,n, have the representa- 
tion fj{Zi,...,Zn) = Z^fclo I^QeF+ |a|=fc "^" ''^a- Fi^st, wc assume that {Mz^, ■ ■ ■ , Mz„) is in the set 
Cfo^(H2(/)) and 

00 

f,{Mz,,...,MzJ=J2 E 

fe=0 QeF+,|a|=fc 

where the convergence of the series is in the strong operator topology. Then, for any e > and any 
polynomial ^p E C[Zi, . . . , Z„], there exists Nj > 1 such that 

f, {Mz,,...,MzJ^~Y. E ^ ^ 

'==OaeF+,|Q|=fc 



(3.1) 



< e, 



j = l,...,n. 



Fix i,j G {1, . . . , n}. Due to relation p.ip . we can find polynomials p and q such that 



\\fj{Mz„...,MzJl-p\\imf) < 



and 



I fj {Mz, , . . . , Afz„ )p~qp\\ (/) < 2 • 



Hence, and using condition (52), we deduce that 

- qpWmHf) < \\fj{Mz„. ■ . , MzJf^{Mz„ . . ■ ,MzJl - fj{Mz„ 
+ \\fj{Mz,,...,MzJp-qp\\ 

<ll/.(M.....,M.JII^ + f = e. 



• MzJpW 
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An inductive argument shows that each power series fa, a G F+, can be approximated in lP{f) by 
polynomials in C[Zi, . . . , Z„]. Taking into account that span{/Q}^gj,+ is dense in H^(/), we deduce that 
C[^i, . . . , Z„] is dense in H2(/). 

Now, we consider the case when (Mz^, . . . , Mz„) is in the set C™''(H^(/)) and 

CO 

i-(Afzi,...,MzJ = SOT-lhn^ ^ c^^^r^^hdz^, 

k=o QeF+,|Q|=fc 

where the convergence of the series is in the operator norm topology for each < ?' < 1. Hence, we 
deduce that, for any e > and any polynomial ip G C[Zi, . . . , Z„], there exists tq G (0, 1) such that 



f,{Mz,,...,MzJ4'- 



E E 

fc=0 ae¥t,\a\=k 



< e, 



H2(/) 



Using the convergence of the series in the operator norm topology, we find Nj > 1 such that 



E E - 

k=OaeWt^a\=k 



< e, 



H2(/) 

Now, one can proceed as in the first part of the proof to show that €.[Zi, 
space H^(/). The proof is complete. 



, Zn] is dense in the Hilbert 

□ 



According to [37] and [H], the noncommutative Hardy space H^^i^{B{£,Q)) can be identified to the 
operator space F^®B{£ ,Q) (the weakly closed operator space generated by the spatial tensor product), 
where F!^ is the noncommutative analytic Toeplitz algebra. More precisely, a bounded free holomorphic 
function F is uniquely determined by its (model) boundary function F € FI^®B{£,Q) defined by F := 
SOT-limr_j.i F{rSi, . . . ,rSn). Moreover, F is the noncommutative Poisson transform [22] of F at X e 
[B{H)^]i, i.e., F{X) = [Fx <E) I)[F]. Similar results hold for bounded free holomorphic functions on the 
noncommutative ball [B{'H)"']j, 7 > 0. 

The next result provides a characterization for the n-tuples of formal power series with property (S). 

Lemma 3.3. Let f = (/i,...,/„) be an n-tuple of formal power series with /(O) = 0. Then f has 
property (S) if and only if the following conditions hold: 

(i) the n-tuple f has nonzero radius of convergence and det J/(0) 7^ 0; 

(ii) the inverse of f, say g = {gi, . . . ,gn), is a bounded free holomorphic function on [B(T-l)"']i; 

(iii) the model boundary function g = (gi, ...,!)„) satisfies either one of the following conditions: 



(a) g is in C^°^(IHl2(/)) and Si = fi{gi, . . . ,5„), i = 1, . . . ,n; 



Sn) 



(b) g is in C™ (H (/)) and Si = SOT-lim^-).! fj{rgi, . . . ,rgn), i ~ 1, . . . ,n, where (Si, 

are the left creation operators on the full Fock space i^^(iJ„). 
// / is an n-tuple of noncommutative polynomials, then the condition (Hi) is automatically satis- 
fied. 

Proof. Since the condition (Si) coincides with (i), we show that the condition (52) holds if and only if / 
satisfies the condition (ii). To prove the direct implication note that, due to Theorem ll.31 the composition 
map Cf : S[Zi, . . . , Zn] — > S[Zi, . . . , Z„] defined by Cfijj := ■0 o / is an isomorphism. Therefore, there is 
an n-tuple g — {gi, . . . ,gn) of power series such that f o g ^ g o f = id. On the other hand, condition 
(52) implies the existence of an n-tuple x = (xi:---7Xn) of formal power series with x(0) = and 
Xi G ^baii' i-^-' Xi = Haevt "-a^ Za for some Ua^ e C with Y^aG¥+ ha^P < OO, and such that x° f = id. 
Consequently, {f o X ~ id) o f — Q and, using the injectivity of C/, we deduce that f o x = id. Since the 
inverse of / is unique, we must have g = X- 

Due to condition (^2), the left multiplication operator Mz^ : H^(/) — > IHI^(/) defined by 

Mz.yj := Z^ij, i; e M^if), 
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is a bounded multiplier of H^(/). Let U : ]HI^(/) — > F'^[Hn) be the unitary operator defined by U{fa) ■= 
Bq, a e F+. Note that Zi = J2ae¥+ o-a^ fa = U~'^{(pi), where ip := Z]agF+ Oa^ea S F'^{Hn). One can 
easily see that Mz^ is a bounded multiplier of H^(/) if and only if ipi is a bounded multiplier of F'^{Hn)- 
Moreover, Mz^ — U~^(pi{Si, . . . , Sn)U, where (pi{Si, . . . , Sn) is in the noncommutative Hardy algebra 
and has the Fourier representation J2a£¥+ o-a'^Sa- According to Theorem 3.1 from [27], we deduce 
that gi = X]qgf+ '^'a' is a bounded free holomorphic function on the unit ball and has its 

model boundary function = ipi(Si, . . . , 5„). Therefore, condition (52) is equivalent to item (ii). Since 
each g G H^(/) has a unique representation g — X]QgF+ '^afa with 'Ylia^v^ I'^qP < 00, the multiplication 
operator M/^ : H2(/) defined by 

satisfies the equation 

(3.2) Mf^^U-'S,U, j = l,...,n, 

where Si,...,Sn arc the left creation operators on i^^(iJ„). Consequently, Af^^ ~ U~^SaU, a € F+. 
Since M^. = U^^giU, where gi is the model boundary function of gi S -ffban, it is easy to see that the 
equality Mj. = fj{Mzi, ■ ■ ■ ,Mz„), j = 1, . . . ,n, of {S3) is equivalent to condition (iii). This completes 
the proof. □ 

Let g — {gi, . . . ,gn) be the n-tuple of power series, as in Lemma [3731 having the representations 

00 

m-=^ ^ a^Za, i = l,...,n, 

fc=0 ae¥t,\a\=k 

where the sequence {aa'^}^^^+ is uniquely determined by the condition go f — id. We say that an n-tuple 
of operators X = {Xi, . . . , X„) e B{H)" satisfies the equation g{f{X)) ~ X ii either one of the following 
conditions hold: 

(a) X e C^'^^(H) and either Xi = Z^fcli SaeF+,|a|=/c ""^ [/(^)]"' * = where the conver- 

gence of the series is in the strong operator topology, or 



X, = SOT- hm E [/(^)]- 

fc=l QeF+,|a|=fe 



(b) X e {U) and either = X)fc=i Z]QgF+,|a|=fe'^" [/(^)]"' « = 1, ■ • ■ where the convergence 
of the series is in the strong operator topology, or 



, , n. 



X, = SOT-limV V aWrl"l[/(X)]„, i = : 

r— ^ — ' ^ — ' 

'==1 Q6F+,|Q|=fc 

We consider the noncommutative domains 

B/(H) := {X = (Xi, . . . e B{Hr ■■ 9{f{X)) = X and \\f{X)\\ < 1} 

and 

Mfin) := {X = iXu...,X„)e Bin)" : = X and ||/(X)|| < 1}. 

We say that (Ti, . . . , T„) e B{T-L)^ is a pure n-tuple of operators in B/('H) if 



SOT- hm ^ [/(r)]„[/(r)]: = o. 



QgF„, |a|=fc 



The set of all pure elements of B/(H) is denoted by Vf^^'^ {H). Note that 
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An n-tuple of operators X := {Xi, . . . , Xn) & B{H)"' is called nilpotent if there is m > 1 such that 
Xa=0 for any a S F+ with |a| = to. We denote by B™'('H) the set of aU nilpotent n-tuples in B/(H). 

Proposition 3.4. Let g G H°°{D) be such that g{0) = and g'{0) ^ 0, and let f be its inverse power 
series with respect to the composition. If S is the unilateral shift on the Hardy space (D) and 

figis)) = s 

for an appropriate evaluation of f at g{S) (where g{S) is defined using the Nagy-Foias functional calculus), 
then f has the property (S). 

Proof. According to pTO], the power series associated with g has an inverse /, with respect to the com- 
position, with nonzero radius of convergence. Using the fact that S = f{g{S)) and applying Lemma 13.31 
when n = 1, we deduce that / has the property (S). □ 

In what follows, we present several examples of n-tuples of formal power series with property (S). 
First, we consider the single variable case. 



Example 3.5. The power series defined by 

f^z(l+-Z\ , a>2, 



1 



a 

has property (S) and 

[Bmi £ [Bim^cMfin). 

Proof. A straightforward computation shows that the inverse power series of / is = Z (/ — ^Z) ^ . The 
corresponding function z g{z) is analytic and bounded on D. Moreover, 

a a^ 

is a bounded operator, where the convergence is in the operator norm topology, and ||(7(5)|| < 2. Taking 
into account that ||^S'('S')|| < 1, we deduce that 

f{9{S))^g{S) (l+^gisi 

Therefore, / has property (S). Consider the noncommutative domain 

Mf{H) := {X e B{H) : X = .9(/(X)) and \\f{X)\\ < 1}. 

Note that if \\X\\ < a, then f{X) := X {l + ^Xy^ is well-defined. If, in addition, ||/(X)|| < 1, then one 
can easily see that 

1 



gifiX)) = f{X)i^I--f{X)j =X. 
Hence 

{X e B{H) : \\X\\ < a and \\f{X)\\ < 1} C Mf{n). 
Note also that if ||X|| < then 

||/(X)||<||X||^^<1. 

Since a > 2, we have 1 < — ^ < a and 

' a— 1 

[B{n)]^ c [B{n)]^cmf{n). 

This completes the proof. □ 
Now we consider some tuples of noncommutative polynomials with the property (S). 
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Example 3.6. // 



then p = (pi,P2) and q — ((71,92,93) have property (S). 
Proof. Note that 








= Zi 


and < 




= Z2 




,93 


= ^3 



3 



^2 



^•^3^2 



2 



^1 =(pi+P2)(/+f +(f)^ 
•Z'2 = P2 



, 2 



Setting gi := {Zi + Z2) yl + 2 ^ ( 2 ) + ' ' ' j ^^'^ 92 — ^2, it is easy to see that pog — gop — id. On 
the other hand, g = {gi, 32) is a bounded free holomorphic function on [_B(H)^]i and the model boundary 
function g — (31,52) is given by gi := (5*1 + S2) (^I + ^82 + {^82)^ + • • • ^ and 32 = S2. According 
to Lemma 13.31 p = {pi,p2) has property {S). The second example can be treated similarly. Setting 
r (^'i, ?'2, ^'s), where 

^^3)i" 



/- is'2 (/- is'3) 




one can check that r o q ~ q o r and the model boundary functions ri = 5*1 



f2 — S2 {l — ^^3) ^ E^nd r3 = 53 are in the noncommutative disc algebra ^^3. Applying again Lemma 
3.31 we deduce that q — (91, 92) has property (5). □ 



Example 3.7. Let 7 > and a G C with \a\ > 1 and let 

1 1 /I 

Ji — —Zi Z2 — —Z2 

7 7 V7 

/2 = ^^2. 

7 

r/ien / = (/i,/2) /las property (S). 

Proof. First note that / = (/i, /2) satisfies condition (5i). Sin 

2^1 = jfi+lYl ( "■^2 



i=i 



^2 — —f2 

a 



and X]^i ]^p7 < 00, we deduce that Zi, . . . , Z„ are in M'^{f). Let ?7 : H2(/) — > F'^{H2) be the unitary 
operator defined by U{fa) ■= Ca, a S FJ. Note that the multiplication operator Mz^ G B{M'^{f)) is 
unitarily equivalent to the operator ipi{Si,S2) € B{F^{H2)) defined by 



ipi{Si,S2) := 75*1 +7 



which is in the noncommutative disc algebra A2. Similarly, the operator A/^^ G B{M?'{ip)) is unitarily 
equivalent to iy92(*S'i, ^2) := ^S'2 G A2. Therefore, condition (^2) is satisfied. It remains to check condition 
(53). Since \a\ > 1, we have llM^^jj < 7 and, therefore, 



1 °° /I 

/(Mzi,A/zJ = -A/zi- V - 



-M 



Z2 
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where the convergence is in the operator norm topology. On the other hand, since the operator Mf-^ S 
i?(EII^(/)) is unitarily equivalent to the left creation operator Si on F^{H2), the condition Mf-^ = 



lim„ 



is equivalent to 



Si = lim 



which is obviously true. This completes the proof. 



□ 



Similarly, one can treat the following 
Example 3.8. // 



fi — Zi — Z2 — Z2Z1 — Z| — Z| ' 

/2 = 2Z2, 



then / = (/i, /2) has property (S). 



Hilbert spaces of of free holomorphic functions. Let (p = {(pi, . . . ,<pn) be an n-tuple of free 
holomorphic functions on [5(7^)"]^, 7 > 0, with range in IB{T-L)^]i. We say that (p is not a right zero 
divisor with respect to the composition with free holomorphic functions on [_B 1 if for any non-zero 
free holomorphic function G on [_B('H)"]i, the composition G o is not identically zero. We recall (see 
that Go (y5 is a free holomorphic function on [_B('H)"]^. Consider the vector space of free holomorphic 
functions 

M2(^):={Go^: GeffLu}, 
where the noncommutative Hardy space i?baii the Hilbert space of all free holomorphic functions on 
[B(H)"]i of the form 

00 

/(Xi, . . . ,X„) = ^ ^ CaXa, IflQp < 00, 

fc=0|Q|=fc aGF+ 

with the inner product (/, g) := Y,'k=o^\a\=k^aba, where g = I]^o E|Q|=fc ^"-'^a another free holo- 
morphic function in -ffbaii- Note that each element -0 € IHI^((p) is a free holomorphic function on 
which has a unique representation of the form il> — G o ip for some G G ^baii- introduce an inner 
product on M'^{(p) by setting 

{Foip,Go (/3)h2(^) := {F, G)^2^^_ . 

It is easy to see that ^{f) is a Hilbert space with respect to this inner product. We make the following 
assumptions: 

(J^i) the n-tuplc ip — [pi, . . . ,Pn) of free holomorphic functions on [B{H)"]j has range in [B{H)"]i 
and it is not a right zero divisor with respect to the composition with free holomorphic functions 
on [B{H)"]i. 

{T2) The coordinate functions Xi, . . . ,X„ on [B{T-L)'^]^ are contained in M^{p) and the left multipli- 
cation by Xi is a bounded multiplier of H^((^), for each i = 1, . . . , n. 
(J-3) For each i = 1, . . . , ri, the left multiplication operator M^. : H^((/?) — ^^{p) satisfies the equation 

M^^ =p,{Mz,,...,MzJ, 

where {Mz, ,...,Mz J is either in the convergence set C^^'^{M'^{ip)) or CJ^'"^ {iP (p)) . 

If p is an n-tuple of noncommutative polynomials, then the condition (J-'s) is automatically satisfied. 
Under the above-mentioned conditions, the free holomorphic function p is said to have property (J-). We 
remark that, unlike the power series with property (5), p(0) could be different from 0. 
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Using Theorem 2.1 from [42], we can show that tf has property if and only if there exists g = 
(gi, . . . ,gn) a bounded free holomorphic function on such that 

(3.3) g(^{X))^X, XeiBiUr]^, 

where fiX) is in the set of norm-convergence of and the model boundary function g ~ {jji, . . . ,g„) 
satisfies either one of the following conditions: 

(a) g is in C^^'^ {IP (ip)) and = ip.Qi, . . . ,g„), i = l,...,n; 

(b) g is in C^'''^ {IP (ip)) and Si = SOT-hm^-^i (pj{rgi,. . .^rg^), « = 1, . . . ,n, where {Si,..., S,i) are 
the left creation operators on the full Fock space F'^{Hn). 

Example 3.9. // 

^1 = g^i - 3^2 - (^g^2j 

</'2 = -^2- 

Then ip = {ipi, (p2) is a free holomorphic function on [B{'hCf']2 and has property {T). In this case, lP{ip) 
is a Hubert space of free holomorphic functions on [B{'H)'^]2. 

The theory of noncommutative characteristic functions for row contractions [25j was used in [421 to 
determine the group Aut{B{'H)i) of all free holomorphic automorphisms of the noncommutative ball 
[B{nY]i. We showed that any ^ £ Aut{B{n)'^) has the form 

where $[/ is an automorphism implemented by a unitary operator U on C", i.e., 

<^u{Xu...,X^) [Xi,...,Xn]U, (Xi,...,X„) e [B{nT]i, 

and \ is an involutive free holomorphic automorphism associated with A := 4'^^(0) G B„. The auto- 
morphism *A : [B{'HY]i [B{nY]i is given by 

^x{Xi,...,Xn) := A- Aa {lH-Y.Kx}j [Xi,...,X„]Aa., (Xi,...,X„) e 

where Aa and Aa* are the defect operators associated with the row contraction A := (Ai, . . . , A„). Note 
that, when A = 0, we have '^^{X) = —X. We recall that if A G B„\{0} and 7 := then ^Pa is a free 

holomorphic function on [B{T-L)'^]^ which has the following properties: 

(i) *A(0) = Aand^'A(A)=0; 

(ii) *A is an involution, i.e., *a(*a(^)) = X for any X S [B{UY]y, 

(iii) 5'a is a free holomorphic automorphism of the noncommutative unit ball 

(iv) ^I^A is a homcomorphism of onto 

(v) the model boundary function ^I'a is unitarily equivalent to the row contraction [Si , . . . , Sn] ■ 
Proposition 3.10. Any free holomorphic automorphism o/[_B('H)"]i has property {J-). 

Proof. Let ip> G Aut{B{H)i). Since the composition of free holomorphic functions is a free holomorphic 
function, one can easily show, by contradiction, that condition (J^i) is satisfied by ip. Now, taking into 
account the properties of the free holomorphic automorphisms of and the remarks above, we 

have (p G -ffb^^ii and ip{(p{X)) = X for all X G which shows that condition (7^2) holds. Moreover, 

since the multiplication '■ iP{'p) lP{'p) is unitarily equivalent to the model boundary function ip 
acting on F'^{H„), and M^. : M'^{ip) — >• M'^{ip) is unitarily equivalent to Si G B{F'^{H„)), the equation 
M^p. = ipi{Mzi , . ■ . , Mz„) is equivalent to the equation 5^ = ipi{ipi, . . . , ipn), where {ipi, . . . , is in the 
convergence set C™'*(IHI^ (</?)). Due to the functional calculus for row contractions [2S], the latter equality 
holds for any ip G Aut{B{H)i). Therefore, ip satisfies condition (J-3), which proves our assertion. □ 



FREE BIHOLOMORPHIC FUNCTIONS AND OPERATOR MODEL THEORY 



21 



We saw above that, due to condition {^2), there is a bounded free holomorphic function g : [B{Hy 
B{H)" such that X = g{(p{X)) for any X E [^('H)"]^. We consider the nonconimutative domain 

M^{H) := {r = (Fi, . . . , r„) e : aiifiiY)) = Y and ||^(r)|| < 1} 

which wiU be studied in the next sections. Note that the bah [B{'H)^]j is included in ^^{71). 



4. NONCOMMUTATIVE DOMAINS AND THE UNIVERSAL MODEL {Mzi, ■ ■ ■ , Mz„ ) 

Throughout this section, unless otherwise specified, we assume that / = (/i, . . . , /„) is either one of 
the following: 

(i) an n-tuple of polynomials with property (A); 

(ii) an n-tuple of formal power series with /(O) = and property (S); 

(iii) an n-tuple of free holomorphic functions with property (J-). 

In this case, we say that / has the model property. We denote by Ai the set of all n-tuples / with the 
model property. The noncommutative domain associated with / is 

Mf{n) := {X = (Xi, . . . ,X„) e B{nr ■■ g{f{X)) = X and < 1}, 

where g := {gi, . . . , (7„) is the inverse power series of / with respect to the composition, and the evaluations 
are well-defined (see previous section). We recall that the condition g{f{X)) — X is automatically satisfied 
when / is an n-tuple of polynomials with property (A). 

In this section, we present some of the basic properties of the universal model {Mz^ , ■ ■ ■ , Mz^ ) associ- 
ated with the noncommutative domain B f . 

Two n-tuples (Ai,...,A„) G B{7i) and {Bi, . . . , Bn) G B{IC) are said to be unitarily equivalent if 
there is a unitary operator U : H ^ K, such that Ai = U* BiU for alH = 1, . . . , n. 

Theorem 4.1. Let T := (ri,...,T„) he an n-tuple of operators in B{'H)" and let f have the model 
property. Then the following .statements are equivalent: 

(i) T = (Ti, . . . , T„) is a pure n-tuple of operators in Mf{'H); 

(ii) there exists a Hilbert space T) and a co-invariant subspace Ai C IHI^(/) ® T) under each operator 
Mzi ® I-Dt ■ ■ , Mz„ ® I'D such that the n-tuple (Ti, . . . , r„) is unitarily equivalent to 

{Pm{Mz,(E)Iv)\m,---,Pm{Mz„(E)Iv)\m)- 

Proof. We shall prove the theorem when / is an n-tuple of formal power series with /(O) = and has 
property (S). The other two cases can be treated similarly. Let g = [gi, . . . ,gn) be the inverse of / with 
respect to the composition. Note that condition {S^) implies 

n n / ^ \ 

^/,(Mz,,...,A/zJ/,(Mz,,...,Afz„)* =^Af^,Af;^ ^LZ-M ^5,5; C/ < /, 

where U : ]HI^(/) — > i^^(iJ„) is the unitary operator defined by U{fa) :— a £ F+. Since Mf^ = 
[f{Mz„. . .^MzJU, Mf^ = U-^SaU, a G F+, and SOT-limp^l^ E\a\=pSc.S*^ = 0, we deduce that "the 
n-tuple AIz :— [AIzi , ■ ■ ■ , Mz„) is a pure element with ||/(M2)|| < 1. Now let us show that AIz is in the 
noncommutative domain Mf{M'^{f)). It remains to prove that g{f{AIz)) — AIz which, due to condition 
(53), is equivalent to 

(4.1) g,{AIf,,...,Mf^) = AIz,, i = l,...,n. 

According to Lemma 15751 if gi = X]aGF+ '^'a' Za, then AIz^ — U~^ipi{Si, . . . , Sn)U, where ipi{Si, . . . , S'„) G 
has the Fourier representation X]QgF+ ^a'' Sa- Proving the equality above is equivalent to showing 

that 

00 

SOT-hm V V a«rl"l5„ = (^,(5i,...,5„), i = l,...,n. 

r— j-1 ^ — ^ ^ — ^ 
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The latter relation is well-known (see [2H])- Therefore, Mz S B/(H^(/)). If X> is a Hilbert space and 
M C ]HI^(/) (g) I? is a co-invariant subspace under Mz^ ® Iv, ■ ■ ■ , Mz„ <E) Iv, then 

[f{PM{Mz^ ® Iv)\m, ■ ■ .,Pm{Mz„ ® Iv)\m)U - Pm {[f{Mz,,- ■ -^MzJU ® Iv} \m 
for any a G F+. Due to relation 

g^{fl{Mz, ,...,MzJ,..., fn{Mz, ,...,MzJ)^Mz„ i^l,...,n, 

we deduce that 

oo 

SOT- hm V V a«rl"l [f{Mz„. . . , MzJ]a ^ Mz„ i = 1, . . . , n. 

r— ^ — ^ ^ — ^ 

k=0 \a\=k 

Taking the compression to the subspace A4 C H^(/) I?, we deduce that 

9z{f{PM{Mz, ® . . .,Pm{Mz,^ ® Iv)\m)) = Pm{Mz^ ® Iv)\m 

for each i = 1, . . . , n. Since {Mz^ , ■ ■ ■ , ^z„) is a pure element in B/(]HI^(/)), we deduce that the n-tuple 
{Pm{Mzi ® I'd)\m , ■ ■ ■ , Pm{Mz^ ® Iv)\m) is a pure element in Mf{M). Therefore, the implication 
{a) =^ (i) holds. 

Now, we prove the implication (i) (ii). Assume that condition (i) holds. Let T = (Ti, . . . ,r„) G 

Mf{7i) be a pure n-tuple of operators. Consider the defect operator 



and the defect space I?/,t := A/(T)'H. Define the noncommutative Poisson kernel if/.T : H —J- H^(/) (g) 
I?/,T by setting 

(4.2) i^/,T/i ^ A/,t[/(T)]:/i, e 

We need to prove that i^/,T is an isometry and Kj^tT* — {Mzi®IV}^T)I^f.T for any i = 1, . . . , n. Indeed, 
a straightforward calculation reveals that 



ieF+,|a|<g 



E llA/,T[/(r)];/i||^ 

QeF+,|Q|<g 

E {[f{T)]^^l^[f(T)]lh,h) 

QGF+,|Q|<g 



= 11/^11 -( E [/(r)]„[/(T)]* 

\ \aeF+,|Q|=(} 

for any g € N. Since T — (Ti, . . . , Ti, ) is a pure n-tuple in B/(H) we have 

soT-lim E [/(r)].[/(r)]* =0. 



QeF„, |Q!|=g 

Consequently, we obtain ||i4r/^T^|| = ||^|| for any h ^ H. On the other hand, for any h,h' H and 
a e F+, we have 

= (^A^.T[/(r)];/.') 



Therefore, 
(4.3) 



KlTiU(^h) = [f{T)UAf,Th, hen. 
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Since the n-tuple / has the property {S), for each i — 1, . . . ,n, Zi e H^(/), i.e., there is a sequence 
{aa''}„gF+ with J2a£¥+ < such that 

ae¥+ 

Taking into account that T := (Ti, . . . e Mf{H), we have either T e C^^'^{H) or T e ^^'"^{H). Let 
us consider first the case when T G Cf'~'^{H). The equation T = g{f{T)) shows that either 



(4.4) T, = ^ 5] ^ = l,...,n, 
where the convergence of the series is in the strong operator topology, or 

oo 

(4.5) T, = SOT-lim^ «L'VI"I[/(T)]„, 
When relation (|4.4p holds, then we have 

oo 

(4.6) r4/(T)]^=^ ^ a«[/(T)]„[/(r)]^, z = /3eF+ 

fc=0 QgF+,|a|=fe 

where the convergence of the series is in the strong operator topology. Using relation (|4.3p . we deduce 

that 

yA:=0|a|=fc ) \k=0\a\=k J 

for any p € N. Hence, due to relation (|4.6p and the fact that Mzifp ~ J2ae¥+ (^^a fafi3 in H^(/), we 
obtain 

KlriMzJp ®h)^ T,[f{T)]pAf^Th, hen, 
which, combined with relation ()4.3p . implies 

for any /3 € and i — 1, . . . , n. Consequently 

for any i = 1,. . . ,n. Now, we assume that relation (|4.5p holds. Then, using relation (j4.3p . we deduce 
that 

^;,T IE E = IE E A/,T/i, /.eH, 

yfc=0|Q|=fc J \k=0\a\=k J 

for any p G N and r € [0,1). Taking first p — >■ cx) and then r — 1, we obtain K*j j,{Mzifp ® h) = 
T,[f{T)]fjAf^Th, h e H. This implies Kj^tT* = (M*^ (g) I)Kf^T for any i = 1, . . . ,n. The case when 
T e C™'^(?^) can be treated similarly. The proof is complete. □ 

Any n-tuple (Ti, . . . , r„) e Bj(H) gives rise to a Hilbert module over C[Zi, . . . , Z„] by setting 

p ■ h :^ p{Ti, . . . ,Tn)h, p € C[Zi, . . . , Z„] and heH, 

which we call B^-Hilbert module. The homomorphisms in this category are the contractive operators 
intertwining the module action. If /C C "H is a closed subspace of H which is invariant under the action of 
the associated operators with "H, i.e., Ti, . . . ,T„, then K. and the quotient T-L/K. have natural B/-Hilbert 
module structure coming from that of Ji. More precisely, the canonical n-tuples associated with K. and 
H/IC are (Ti|,c, • • • , T„|,c) e B/(/C) and {P,c^Ti\,c^ , . . . , P,c^T„ \k^) e B/(/C^), respectively, where P,c^ 
is the orthogonal projection of H onto JC-^ "H /C. 
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Each noncommutative domain B/ has a universal model {Mz-^, ■ ■ ■ , Mz„) S B/(]HI^(/)). The module 
structure defined by Mz^ , ■ ■ ■ , Mz„ on the Hilbert space IHI^(/) occupies the position of the rank-one free 
module in the algebraic theory [T7]. More precisely, the free B/-Hilbert module of rank one IHI^(/) has a 
universal property in the category of pure B ^-Hilbert modules of finite rank. Indeed, it is a consequence 
of Theorem 14.11 that if 7^ is a pure finite rank B^-Hilbert module over C[Zi, . . ., Z^], then there exist 
m eN and a closed submodule M of IHI^(/) (E) /c™ such that (]HI^(/) (g) Ic^^)/M is isomorphic to "H. To 
clarify our terminology, we mention that the rank of a By-Hilbcrt module H is the rank of the defect 
operator A/^t, while H is called pure if T is a pure n-tuplc in Mf{H). 

We introduce the dilation index oi T — (Ti,...,r„) e Mf{7i), denoted by dil-ind(r), to be the 
minimum dimension of the Hilbert space V in Theorem 14. II According to the proof of the latter theorem, 
we deduce that dil-ind(T) < dirnVf r = rankA/^r- On the other hand, let 5 be a Hilbert space such 



that H can be identified with a co-invariant subspace of IHI^(/) ig) Q under Mz^ 
such that = Ph{Mz, <E> Ig)\H i = 1, 



' Ig, i = 1, . . . , n, and 



In- 



i=l 



MT)MTr = Pu 



, n. Then 

n 



,Mz 



Hence, we obtain rankA/^j- < dimQ. Therefore, we have proved that dil-ind (T) = rankAj^j^. 
Corollary 4.2. // (Ti, . . . ,r„) is a pure n-tuple of operators in Mf{'H), then 



+ 

n ; 



, Tn)qi{Ti, . . . , Tn)* 



< 



i=l 



q, [Mz, , . . . , Mz^ )qr {Mz, ,...,MzJ 



for any qi G C[Zi, . . . , Z„] and m d N. 



Theorem 4.3. Let f — (/i, . . . ,/„) be an n-tuple of formal power series with the model property and 
let {Mzi , • ■ • , Mz^ ) he the universal model associated with the noncommutative domain B f . Then the 
C* -algebra C* {Mz-^ , . ■ . , Mz^ ) is irreducible and coincides with 



span{ Mz„M|^ 



^,/3eF+}. 



Proof. Let C H^(/) be a nonzero subspace which is jointly reducing for Mz^ ■ ■ ■ tMz„, and let 
y — X]chef+ ^"/a ^ nonzero power series in Ai. Then there is /3 € such that 7^ 0. Since 
/ = (/i, . . . , fn) is an n-tuplc of formal power series with the model property, we have Mf. — fi{Mz), 
where Mz := {Mz, ,...,Mz J is either in the convergence set C|'°^(H2(/)) or C}'"^{m'^{f)). Consequently, 
we obtain 

00 = PcM}^y =[1-^2 MMz)f^{Mzr] [f{Mz)]}y. 



Taking into account that Ai is reducing for Mz^ , ■ ■ ■ , Mz^ and 7^ 0, we deduce that 1 E Ai. Using again 
that Ai is invariant under Mz^ , ■ ■ ■ , Mz„ , we obtain C[Zi, . . . , Z„] C Ai. Since, according to Proposition 
[3:21 C[Zi,...,Zn] is dense in lP{f), we conclude that M = M'^{f), which shows that C* (Mz^, ■ ■ ■ , MzJ 
is irreducible. 

Since / has the model property, we have Zi = J2a£¥+ o.'a' fa G and the multiplication Mzi is a 

bounded multiplier of H^(/) which satisfies the equation 



z = SOT- hm > 



00 



k=0 \a\=k 



1, 



Hence, and taking into account that 

f^iMzTfjiMz) 
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we deduce that, for any x,y £ ]3^(/) 
{MlMz,x,y) 



1™(E E «?^I^I[/(A/2)]0^,E E o^^r\-\[f{Mz)U\ 

\k=0\P\=k fe=0|a|=fc / 

lim lim ( E E E ^a^^\^"^+^^^[f{Mz)UfiMz)]px,y 

\|a|<mA;^0 l^l^fc / 

lim lim / V V V ^4-'"Vl"l+l^l5„,x,y\ 

r— m— foo \ ^ — ^ -"^^ — ^ -'^^ — ^ ' I 

\|a|<mA;^0 |/3|^fc / 



lim lim aa 



«„(i)^2|a| 



I Q I < m 



limX E 

fe=0 \a\=k 

(^1 y)H2(/) 



Hence, we deduce that 



and, therefore, C*{Mz^-, 



The proof is complete. 



. . , Mz^ ) coincides with 

spEa{Mz^M*z^ : a,/3 G F+} 



i, j e {1, 



4, 



□ 



Let / — (/i, . . . , /„) be an n-tuple of formal power series with the model property. We say that / has 
the radial approximation property, and write / G Adrad, if there is 5 e (0, 1) such that (r/i, . . . ,rfn) 
has the model property for any r G {S, 1] . Denote by ' ' the set of all formal power series / = 
(/i,...,/„) having the model property and such that the universal model (Af^i, • ■ • , associated 
with the noncommutative domain is in the set of norm-convergence (or radial norm-convergence) of 

/. We also introduce the class ■M^j.g_j_ of all formal power series / — (/i, . . . , /„) with the property that 
there is 5 G (0, 1) such that rf G TW" for any r G (S, 1]. 

Lemma 4.4. Let f — (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
g = (gi, . . . ,gn) be its inverse with respect to the composition. Setting gi = J2ae¥+ ^a'-^a; the following 
statements are equivalent. 

(i) The n-tuple f has the radial approximation property. 

(ii) There is S € (0, 1) with the property that gii'^S) :~ J2a£¥+ H^'^'q the Fourier representation 
of an element in and 



-Sj = fj 91 



-S 



-S 



i,j G re ((5,1], 



where g{^S) is either in the convergence set C^'^^ [F^ [H n)) orCj°''^{F^{Hn)), and S = (5i,...,S'„) 
is the n-tuple of left creation operators on F'^{Hn). If f is an n-tuple of noncommutative poly- 
nomials, then the later condition is automatically satisfied. 

Moreover, f G M^},^^ if and only if item (ii) holds and gi'^S) is in the set of norm-convergence (or radial 
norm-convergence) of f . 



Proof. The proof is straightforward if one uses Lemma 13.31 (and the proof) and its analogues when / is 
an n-tuple of polynomials with property {A) or a free holomorphic function with property (T). □ 

Remark 4.5. In all the examples presented in this paper, the corresponding n-tuple f — (/i, . . . , /„) is 
in the class Moreover, any n-tuple of polynomials with property (A) is also in the class M^j.^^^. 



26 



GELU POPESCU 



Proposition 4.6. Let / = (/i, . . . , /„) he an n-tuple of formal power series with /(O) = and det J/(0) ^ 
0, and let g — {gi, . . . , gn) be its inverse. Assume that f and g have nonzero radius of convergence. Then 

(i) f{g{X))^XforanyXe [B{n)%„ where < -/i < r^g) and g {[B{ny%,) ^ [B{ny%f^fy 

(ii) g{f{X)) = X for any X e [BiUT]^,, where < 72 < r{f) and f{[B{HY]^,) C 

V 7i > 1; then f G M^lad' */0 < 7 < 7i — 1; then -f has the same property. 



Proof. Since g has nonzero radius of convergence and g(0) = 0, the Schwartz lemma for free holomorphic 
functions impUes that there is 71 € {Q,r{g)) such that ||5(X)|| < r(/) for any X £ On 
the other hand, using Theorem 1.2 from ^42[, the composition f o g is a free holomorphic function on 
[B{'H)'^]ji. Due to the uniqueness theorem for free holomorphic functions and the fact that f o g = id, 
as formal power series, we deduce that f{g{X)) = X for any X S Item (ii) can be proved 

similarly. Now, using Lemma [4.41 we can deduce the last part of the proposition. □ 



We remark that Proposition 14.61 does not imply the existence of a free biholomorphic function from 
[i3(H)"]7i to [B{'Hy]^2 (see the examples presented in this paper). 

Let / = (/i, . . . , /„) be an n-tuple with the model property and let T :— (Ti, . . . , r„) e B/('H). We 
say that an n-tuple V := {Vi, . . . , Vn) of operators on a Hilbert space /C 3 "H is a minimal dilation of T 
if the following properties are satisfied: 



(i) (yi,...,F„)eB/(/C); 

(ii) there is a ^-representation tt : C*{Mzi, ■ ■ . , Mz„ 

(iii) V*\u=T* for * = n; 

(iv) Jc = v„eF+ yo.n. 



B{IC) such that tt{MzJ = V„i = l,.. 



, n; 



Without the condition (iv), the n-tuple V is called dilation of T. For information on completely bounded 
(resp. positive) maps, we refer to Paulsen's book 23 . 

Theorem 4.7. Let f = (/i, . . . , /„) be an n-tuple of formal power series with the radial approximation 
property and let T := (ri,...,T„) be an n-tuple of operators in the noncommutative domain Mf{'H). 
Then the following statements hold. 

(i) There is a unique unital completely contractive linear map 

■^f,T:C*{Mz„...,MzJ^B{n) 

such that 

^f,T {Mz^ M*z^ )^T^T;, a, /3 e F+ . 

(ii) If f (z A^radH A^", then there is a minimal dilation of T which is unique up to an isomorphism. 



Proof. According to Lemma 14.41 there is (5 G (0, 1) such that, for each r € (i5, 1] and i = 1, . . . , n, the 



multiplication operator M^^-* : IHI^(r/) — > ]EI^(r/), defined by M^^^'ip := Ziip, is unitarily equivalent to an 
operator (^^(^5') € having the Fourier representation X]a6F+ '^a'' ^fW'^ct- Therefore, for any a^^^ € C, 



(4.7) 



|a|,|^|<m 



|a|,|^|<m 



-S 

r 



Note that (Ti, . . . ,T„) is a pure n-tuple in Mrj{H) for any r e [5, 1). Applying Theorem 14.11 we deduce 
that 



(4.8) 



|Q|,|^|<m 



< 



\a\,\l3\<m 
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On the other hand, according to [37], ifi{^S) is in the noncommutative disc algebra An for any t G (0, 1), 
and the map (0, 1) 9 t — ^ (pi{^S) is continuous in the operator norm topology. Consequently, 



lim 

r-»-l 



E 



|a|,|/3|<m 



a.a^P'Pa \ -S 



-s 



\a\,\l3\<m 



J2 ci^,pMz^M*z^ 

\a\]f}\<ni 



Combining this with relations (|4.7I) and (|4.8I) . we have 



|Q|,|/3|<m 



< 



E 



|Q|,|^|<m 

A similar inequality can be obtained if we pass to matrices with entries in C*{Mzn • ■ • , Mz^)- Now, an 
approximation argument shows that the map 

\a\,\l3\<m |Q|,l^l<m 

can be extended to a unique unital completely contractive map on spanjAf^^M^^ : a, /3 e Since, due 
to Theorem l4.3[ the latter span coincides with C*{Mzi, ■ ■ ■ ,Mz„), item (i) follows. Now, we assume that 
/ € M-rad n tVI'I. Applying Stinespring's dilation [4F to the unital completely positive linear map ^'/,t 
and taking into account that C*{Mzi, ■ ■ ■ ,Mz„) — span{ M^^M^^ : € F+}, wc find a unique repre- 
sentation TT : C*{Mzi, ■ . ■ ,Mz„) B{K.), where K. ^ H, such that Tr{Mz^)*\-H = T* , i = I, ■ ■ ■ ,n, and 
/C = VaeF+ T^{Mz^)'H- Setting Vi :— n{Mzi), i = 1, . . . , n, it remains to prove that (Vi, . . . , Vn) G B/(/C). 
To this end, note that since {Mz,,...,MzJ e we have f^{Mz,, ■ ■ ■ , MzJ G C* {Mz,, . . . , MzJ for 
i = l,...,n. Consequently, the inequality J^ILi M^Zi Mz^)fi{Mz^ MzJ* < Im^(f) implies 

n 

^/,(7r(MzJ,...,7r(AfzJ)/,(7r(AfzJ,...,7r(AfzJ)* < 

i=l 

On the other hand, since g{f{Mzi, ■ ■ ■ ,Mz,^)) = Mz^, where the convergence is in the operator norm 
topology, we deduce that f/i(/(7r(M2j, . . . , 7r(Mz„))) = TT{Mzi), i — Therefore, the n-tuple 

(7r(Ajf2j), . . . , tt{Mz^)) is in the noncommutative domain By(/C). The proof is complete. □ 



Let S C C*{Mz,, 
S 



. , Mz^ ) be the operator system defined by 

{p{Mz, ,...,MzJ+ q{Mz, , . . . , Mz„ )* : p, g G C[Zi, 



,Zn]}. 



Theorem 4.8. Let f = (/i,. ..,/„) e Mrad M^^ and (Ti,...,T„) e B{ny\ Then the following 
statements are equivalent: 



(i) (ri,...,r„) eB/(H); 

(n) the map q{Mz,, ■ ■ ■ , MzJ ^ q{Ti, . 
(iii) The map 5* : 5 — !■ defined by 

^{p{Mz,,...,MzJ+q{Mz,, 

is completely positive. 



,T„) is completely contractive; 
.,MzS) :=p(ri,...,T„)+q(ri,, 



Proof. The implication (i) ==4> (m) and (i) =4> (iii) are due to Theorem 14.71 Since the implication 
{iii) =^ (ii) follows from the theory of completely positive (resp. contractive) maps, it remains to 
prove the implication (ii) (i). To this end, assume that the map q{Mzi , . ■ . , Mz„) i— > q{Ti, . . . , T„) 

is completely contractive. For each j ~ 1, . . . , n, assume that fj has the representation X]agF+ '^a Za 
and let q^n '■= X^feLo S|a|=fc Cq^^q, to G N. Since the universal model Mz ■— [Mzi , . • . , A^z„) is in the 
set of norm convergence for the n-tuple /, we have fj{Mz) = limm_>.oo qin (Mz) with the convergence in 



the operator norm topology. On the other hand, due to Theorem 14. 7[ we have 



q^^ (Ti , . . . , r„) - (7^^^ (Ti , . . . , T„) < qli> {Mz, , . . . , A/z J - ql^> {Mz, ....,MzJ 
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for any m, fc £ N. Consequently, {qm {Ti, . . . ,Tn)}'^^i is a Cauchy sequence in B{'H) and, therefore, 
/j(ri, . . . ,T„) :— lim.,„_>.oo Qrn{Ti, . . . ,T„) exists in the operator norm. Now, since 

[qi^\T,, . . . , T„), . . . , 4")(Ti, . . . , T„)] II < II (A/^, , . . . , Af^J, . . . , g^^) (M^, , . . . , Af^J] 

taking the limit as m — oo, we obtain ||/(r)|| < ||/(Af2)|| < 1. Since / = (/i, . . . , /„) has the radial 



approximation property, relation (|4.ip and Lemma [4.4l show that the sequence pm '■= X^fcLo X]|a|=fe ^.a ^ 



of noncommutative polynomials satisfies the relation 

Mz^^g^fiMz)) = lim p«(/(Afz)), 

where the limit is in the operator norm. Therefore, we have \\pm (fiMz)) — Af^Jj — > as to — > oo. Using 
the von Neumann type inequality 

|b«(/(T)) - T,\\ < bW(/(M^)) _ MzM, men, 

we deduce that — linirn-i-oo Pm { f{T)) in the operator norm and, therefore, gi{f(T)) — Ti for all 
i — 1, . . . ,n. This shows that (Ti, . . . , r„) e Mf{H) and completes the proof. □ 

We introduce the noncommutative domain algebra A{Mf) as the norm closure of all polynomials in 
Mzi , • . • , Mz^ and the identity. 

Theorem 4.9. Let / = (/i, . . . , /„) e 7W™d n A^H and {Ai, . . . , A,,) G B{n)'^ . Then there is an n-tuple 
of operators (Ti, . . . ,Tn) G Bj('H) and an invertible operator X such that 

Ai — X^^TiX, for any i = 1, . . . , n, 

if and only if the n-tuple {Ai, . . . , A„) is completely polynomially bounded with respect to the noncommu- 
tative domain algebra ^(B^). 

Proof. Using Theorem 14.81 and Paulsen's similarity result [22 , the result follows. □ 

Lemma 4.10. Let f = be an n-tuple of formal power series in the class A^", and let 

g = {gi, . . . , gn) be the inverse of f. Then the following statements hold. 

(i) The set B^('H) coincides with g ([B{'H)"]i). When TL — C, the result holds true when f has only 
the model property. 

(ii) The set W^^'^{'H) coincides with the image of all pure row contractions under g. 

(iii) If f{0) = 0, then B^('H) contains an open ball in B{'H)^ centered at Q, and 

{X e BiUY : X is nilpotent and \\f{X)\\ < 1} = Wf{n) C M^^'^H). 

Proof. We shall prove items (i) and (ii) when / is an n-tuple of formal power series with property (S). 
The other two cases (when / has property (.4) or property (J^)) can be treated similarly. First, note that 
Mf(H) C g{[B{H)"]i). To prove the reversed inclusion let Y = g{X), where X G [B{HY']i. According 
to Lemma 13.31 part (iii), we have either g £ C^°^(H2(/)) and 

(4.9) 5^ = /,(gi, . . . ,g„), i = l,...,n, 
oig£C}'"^{m^{f)) and 

(4.10) 5*^ = SOT- lim /,(rgi, . . . ,r5„), i = l,...,n. 

r— f 1 

Since / G " , the n-tuple {Mz-^ i ■ • ■ ; Mz„ ) is in the set of norm-convergence (or radial norm-convergence) 
for the n-tuple of formal power series / — (/i, . . . , /„). This implies that the convergence above is in 
the operator topology. Applying the noncommutative Poisson transform Px, we deduce that Xi — 
/,(gi(X),...,5„(X)), i = l,...,n. This implies that /(F) = fig^X)) = X anA g{f{Y)) = g{X) = Y, 
which shows that Y G M<{U). Therefore, B<(?^) = g{[B{nY]i), the function g is one-to-one on [B{'HY]i 
and / is its inverse on B^(H). Now consider the case when H = C and assume that / has the model 
property. Since B5(C) C g(B„), we prove the reverse inclusion. Let /i — g{X) for some A G B„ and assume 
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that one of the relations (|4.9|) or ()4.10p holds, say the latter. Setting z\ :— '}2a£¥+ ^a^a £ F^{Hn), we 
deduce that 

= (5'j(1),2a) = lira if j{rgi,...,rgn)il),zx) 

r— >-l 

= lim/,(r9i(A),...,rg„(A))-/,(g(A)). 

This implies that f{fi) = /(g(A)) = A and g{f{^)) — g{X) = /i, which shows that /i £ (C). Therefore, 
(C) = g(Bn), the function 5 is one-to-one on B„ and / is its inverse on B^(B„). Similarly, one can 
assume that relation (14. 9p holds and reach the same conclusion. 

To prove item (ii), set [B{'H)'^]^^'^ := {X G [B{T-L)"']i : X is a pure row contraction} and note that 
B^''"(?^) C {g{X) : X € The reversed inclusion follows similarly to the proof of item (i) 

using the noncommutative Poison transform Px, where X is a pure row contraction. In this case, we 
also show that f{g{X)) = X and deduce that g : — >■ M^^^'^^H) is a bijection with inverse 
/ : W^^^{T-L) — >■ [B{T-L)'^Y]^^^ . Now we prove part (iii). Since / has nonzero radius of convergence and 
/(O) = 0, the Schwartz lemma for free holomorphic functions implies that there is 7 > such that 
||/(X)|| < 1 for any X S On the other hand, using Theorem 1.2 from the composition 

o / is a free holomorphic function on [_B('H)"]-y. Due to the uniqueness theorem for free holomorphic 
functions and the fact that g o f = id, as formal power series, we deduce that g{f{X)) — X for any 

X e [B(n)"]^. 

If X G B{'H)" is a nilpotent n-tuple with < 1, then taking into account that /(O) = 0, we 

deduce that [fi{X), . . . , fn{X)] is a nilpotent n-tuple. Hence and using that g o f = id, we deduce that 
g{f(X)) — X, which completes the proof. □ 

Lemma 4.11. If f — (/i, . . . , /„) is an n-tuple of formal power series in the class -M^jad' then 

mf{H) = g{[B{ny\), 

where g — (51, . . . is the inverse of f with respect to the composition of power series. Moreover, the 
function g : [B{'Hy% is a bijection with inverse f : Mf{n) [B{ny']^ . When U ^ C, the 

result holds true when f has only the radial approximation property. 

Proof. First, note that B/(?^) C g {^B{H)^\[^ . To prove the reverse inclusion, let Y :— g{X) and 

X — {Xi, . . . ,Xn) e [B{'Hy]^ . Since / has the radial approximation property, g = X]aeF+'^"^^" is 
a free holomorphic function on for some 7 > 1. Moreover, according to Lemma [4.41 there is 

5 e (0, 1) with the property that for any r G {5, 1], the series gi{^S) := X^fc^o ^\a\=k Tft"'^" convergent 
in the operator norm topology and represents an element in the noncommutative disc algebra An, and 

(4.11) \.Sj^fjl^g^{^^S^,...,gn{^^Sy^, j G {1, . . . , n}, r e ((5, 1], 

where g{^S) is in the norm-convergence (or radial norm-convergence) of /. Applying now the noncom- 
mutative Poisson transform Prx, we deduce that Xj = fj{g{X)) for j — 1, . . . ,n. This also shows that 
g is one-to-one on [i3(H)"]^. On the other hand, the relation above implies Y — g{X) — g{f{g{X))) ~ 
g{f{Y)) and ||/(F)|| < 1, which shows that Y G Mf{H). Therefore, Mf{H) = .g ([BCH)"]r) and / is 
one-to-one on B/(H). 

Now consider the case when H — C and assume that / has only the radial approximation property. 
Since B/(C) C g{Mn), we prove the reverse inclusion. Let /i = g{X) for some A G B„ and assume that 
relation holds, where gi^S) is either in the convergence set Cf^'^{F'^{Hn)) or C'f'"^{F'^{Hn)). For 

example, assume that g{^S) G C^'~^'^{F^{Hn)). For each r G ((5,1), consider Zrx :— J2ae¥+ ^^r^^^ea G 
F'^{Hn), and note that 

Aj = (^^Sj{l),Zrx^ = l^fj ^31(^5), ... ,g„(is')^ {l),Zr\ 
= /,(5i(A),...,g„(A)) = /,(g(A)). 



30 



GELU POPESCU 



This implies that /(/x) = f{g{X)) = A and gifin)) ~ g(A) = ^, which shows that ^ G Mf{C). Therefore, 
B/(C) = g{Mn), the function g is one-to-one on B„ and / is its inverse on By(C). Similarly, one can treat 
the case when g{^:S) e CJ'"^(F2(7f„)).. The proof is complete. □ 

In what follows, we identify the characters of the noncommutative domain algebra A{Mf). Let A = 
(Ai, . . . , A„) be in B^(C) and define the evaluation functional 

$A : V{Mz, ,...,MzJ^ C, $a(p(A^z)) = p(A), 

where Vi^Mzi , • ■ • , Mz„ ) denotes the algebra of all polynomials in Mz^ , ■ ■ ■ , Mz^ and the identity. Ac- 
cording to Theorem 14. 7( we have |p(A)| = ||p(A/c)|| < ||p(M2)|j. Hence, $a has a unique extension to the 
domain algebra A{Mf). Therefore $a is a character of A{Mf). 

Theorem 4.12. Let f ~ (/i, . . . , /„) be an n-tuple of formal power series with the radial approximation 
property, and let Af^^B/) be the set of all characters of A{Mf). Then the map 

^ -.MfiC)^ AUiRf), *(A):=$A, 

is a homeomorphism and B f (C) is homeomorphic to the closed unit ball B„ . 

Proof. First, notice that 4' is injective. To prove that is surjective, assume that $ : A{Mf) — > C is 
a character. Setting Ai :— ^(A'/^.), i = 1, . . . ,n, we deduce that ^{p{Mz)) = p(A) for any polynomial 
p{Mzi, . . . , Mz^) in A{Mf). Since $ is a character it follows that it is completely contractive. Applying 
Theorem l4.8l in the particular case when Ai := Xilc, i = 1, . . . , n, it follows that {Xilc, • • ■ , A„/c) € B/(C). 
Moreover, since 

$(p(Afz))=p(A)-$A(p(Afz)) 
for any polynomial p{Mz) in ^(Bj), we must have $ ~ $a- Suppose now that A" (A", . . . , A"); a £ J, 
is a net in B/(C) such that limcgj A" = A := (Ai, . . . , A„). It is clear that 

lim$A"b(A/z)) = limp(A") = p(A) - '^x{p{Mz)) 

for every polynomial p{Mz). Since the set of all polynomials V{Mzi , • ■ • , Mz^) is dense in -4(B/) and 
suPcgj ||$A° II < 1, it follows that ^ is continuous. According to Lemma |4.11[ B/(C) = ff(B„) is a 
compact subset of C" and g : B„ B/(C) is a bijection. Since both B/(C) and Af^jB^) are compact 
Hausdorff spaces and is also one-to-one and onto, we deduce that is a homeomorphism. On the 
other hand, since the map A i— )■ g{X) is holomorphic on a ball (C")-y for some 7 > 1, one can see that 
B / (C) is homeomorphic to the closed unit ball B„ . The proof is complete. □ 



5. The invariant subspaces under Mz^, ■ ■ ■ , Mz„ 

In this section we obtain a Beurling type characterization of the joint invariant subspaces under the 
multiplication operators Mz^ , • • • , Mz„ associated with the noncommutative domain B y and a minimal 
dilation theorem for pure n-tuples of operators in Mf{'H). 

An operator A : IHI^(/) €5 H — >■ IHI^(/) (25 is called multi-analytic with respect to Mz-^, ■ ■ ■ , Mz„ if 
A{Mzi <E) I-h) = {Mzi <E) Ik.)^ for any i = 1, . . . ,n. If, in addition, A is a partial isometry, we call it 
inner. 

Theorem 5.1. Let f = (/i,...,/„) be n-tuple of formal power series with the model property and let 
Mz ■= {Mzi, ■ ■ ■ , Mz„) be the universal model associated with B/. If Y £ B{M'^{f ) "H), then the 
following statements are equivalent. 

(i) There is a Hilbert space £ and a multi- analytic operator ^ : (/) (g) 5 — > (/) (81 "H with respect 
to the multiplication operators Mz^, • . ■ , Mz^ such that Y — 5'^'*. 

(ii) ^f,Mz»iiY) < Y, where the positive linear mapping ^f,Mz(»i ■ BiW^if) "H) -> B{M'^{f) (g) Ti) 
is defined by 

n 

1>/,M.»/(n Y.^f^{Mz) <E> In)Y{fdMz) <E> /«)*. 

i=l 
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Proof. First, assume that condition (ii) holds and note that Y — <i>™^^^j(y) > for any m = 1,2,.... 
Since {Mz^, ■ ■ ■ , Mz„) is a pure n-tuple with respect to the noncommutative domain B/(H^(/)), we 
deduce that SOT-Um,„^oo ^J^Mz«>iO^) ~ '^hich imphes F > 0. Denote M :~ rangeF^/^ and define 

(5.1) Q^{Y^^^x):=Y'/\MMzr®In)x, xelf{f)(g>H, 
for any z = 1, . . . , n. We have 

n n 
i=l 1=1 

= {^fMzm(Y)x,x) < \\Y'/^xf 

for any x € M.'^{f)(»n, which imphes \\QiY^^^xf < \\Y^^^x\\^, for any x € m^{f)^n. Consequently, Qi 
can be uniquely be extended to a bounded operator (also denoted by Qi) on the subspace M. Setting 
'■— Qh * ~ 1, . . . ,n, we deduce that J2^=i ^i^i ^ ^M- Denoting ipAiX) '■— ^"=1 ^i^-^t and using 
relation (|5.ip . we have 

[^^{I)Y^''x,Y^''x) = {'^J^^j^^,{Y)x,x) 

for any x e M^{f)(x)n. Since SOT- lim „,(/) = 0, we have SOT- lim ^7(/) = 0. Therefore 

A := (Ai, . . . , An) is a pure row contraction. According to [32j, the Poisson kernel Ka ■ M. — )■ ]HI^(/) £ 
{£ is an appropriate Hilbert space) defined by 

KAh:= E /a(8)AAA;/i, /leA^, 

where := (/ — AiA\ — . . . , A„A* )^/^ is an isometry with the property that 

(5.2) A^K*A^ K*A{Mf^®h), i = l,...,n. 

Let r := yi/^i^;^ : H2(/)(g)£ ^ H2(/)(g)-H and note that, due to the fact that / has the model property, 
Mf. — fi{Mzi , ■ ■ ■ , Mz„ ) for i = 1, . . . , n. Consequently, we have 

r(M/^ ® Is) - Y^/^K^iMf^ ® Is) - Y^/^AKX 

= (MMz) ® In)Y^/^KX = (Mf^ ® /«)^' 

for any i = 1, . . . , n. Now, let g = (51, . . . , g„) be the inverse oi f — (/i, . . . , /„) with respect to the 
composition of power series. In the proof of Theorem 14.11 we showed that gi{Mf^, . . . , M/^J = Mzi for 
all I = l,...,n. Hence, we deduce that the operator Af^. is in the SOT-closure of all polynomials in 
Afjj, . . . , Mf^ and the identity. Consequently, the relation T{Mf^ ® Is) = {Mj. (g) I-h)^ implies r{Mzi <E) 
I-h) = {Mzi <E)I'h)^ ioi i = 1, . . . ,n, which shows that F is a multi-analytic with respect to Mz^ , ■ ■ ■ , Mz„ ■ 
Note that we also have FF* = Y^/"^ K\KaY^/'^ = Y. The proof is complete. □ 

The next result is a Beurling [71 type characterization of the invariant subspaces under the multipli- 
cation operators Mz^ , ■ • ■ , Mz„ associated with the noncommutative domain B f . 

Theorem 5.2. Let f = (/i, . . . ,/„) be an n-tuple of formal power series with the model property and 
let {Mzi , . . . , Mz„ ) be the multiplication operators associated with the noncommutative domain Mf . A 
subspace J\f C 'EP{f) is invariant under each operator Mzi ® I-Ht ■ ■ ^ -^^z„ ® In if o-i^-d only if there 
exists an inner multi- analytic operator 4* : M'^{f) ® 5 — > iP(f) ® TL with respect to Mz^, ■ ■ ■ , Mz^ such 
that 
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Proof. Assume that C (/) (g) is invariant under each operator Mz^ ® I-h, - ■ ■ , Mz„ <8) In ■ Since 
PAfiMz^ (g) In)PN- = (Mz, /«)Pa^ for any i = 1, . . . , n, and Mz := (Mz^, . . . , MzJ € B/(H2(/)), we 
have 



J2iMMz) ® In)Pf^{MMzr ® In] 



J2iMMz) ® In){h{MzT ® In] 



Pn 



= Paa M/,m;, j /V < -Pa/-. 

Here, we also used the fact that My. — fi{Mzi, ■ ■ ■ , Mz„)- Applying now Theorem 15. 1[ we find a 
multi-analytic operator : IHI^(/) (g) 5 — >■ IHI^(/) (E) H with respect to the operators M^^, . . . , Mz„ such 
that Pv = ^^*. Since Pjv' is an orthogonal projection, we deduce that \E' is a partial isometry and 
TV = ^[H^(/) g) £]. Since the converse is obvious, the proof is complete. □ 

Theorem 5.3. let f = (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
{Mz^, ■ ■ ■ ,Mz„) be the universal model associated with the noncommutative domainMf. IfAf C H^(/)(g)?{ 
is a coinvariant subspace under Mz^ ® Ini - ■ ■ , -^z„ ® In, then there is a subspace £ QH such that 

span {(Mz„ «) InW ■ a e F+} = tf(/) ® £. 

In particular, J\f is cyclic for the operators Mzi ® In, ■ ■ ■ ■, Mz„ ® In if O'^d only if (Pc (g In)J^ = H, 
where Pc is the orthogonal projection on C. 

Proof. Let £ :— {Pc (g In)J^ C where 1 (g) H is identified with and let /i G A/" be a nonzero vector 
with representation h — X)agF+ /" ® ^ Choose (3 e F+ with hp ^ 0. Since A/" is a co-invariant 

subspace under Mz^^In, ■ ■ ■ , Afz„ ^In, and / has the model property, we have Mj. — fi{Mzi , • • • , Mz„) 
for i = 1, . . . , n, and deduce that 

(-Pc <E} In){[f{Mz)]a <E> In)h = (PcAf/„ ® In)h = hp££. 

This implies (M/^ (g) g) /i/j) = fp ® hp e M^{f) ® £ for any (3 € F+. Hence, we deduce that 

h = EaeF+ fa®Ke H2(/) (g f . Therefore, TV C H2(/) (g f , which implies 

:=spaS {(Mag)/-H)A/': a G F+} C H2(/) (g f . 

Now, we prove the reverse inclusion. Let /lo G £, ho 0. Due to the definition of the subspace £, there 
exists X & M. such that x = 1 ho + J2\a\>i fa ^ ^a- Hence, we obtain 



ho = (Pc ® In)x = (l-Y. ^f^^l 



Since Mf- is a SOT-limit of polynomials in Mzi , ■ ■ ■ , Mz„ , and A/" is a co-invariant subspace under 
Mzi ® In,-- • ,^z„ ® In, we deduce that ho G Q- Therefore, £ d Q and [Mz^ ® In){'^ ® £) d Q for 
a G F+. Since, due to Proposition [XI C[Zi, . . . , Z„] is dense in M^{f), we deduce that M^{f) ®£ cg. 
The last part of the theorem is now obvious. The proof is complete. □ 



A simple consequence of Theorem 15.31 is the following result. 

Corollary 5.4. A subspace J\f C H^(/) H is reducing under each operator Mz^ In? i ^ ^, - - ■ ,n, if 
and only if there is a subspace £ C "H such that J\f = IHr^(/) ® £ . 

We remark that, in Theorem 15. 2[ the inner multi-analytic operator 5' : H^(/) (g £ — > H^(/) (g H with 
respect to Mz^ , ■ - ■ , Mz„ and with the property that TV = ^'[]HI^(/) g) £] can be chosen to be an isometry. 
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Indeed, let M := {x £ IHI^(/) (g) £ : ||4'(a;)|| = Since / has the model property, we deduce that 

fi{Mzn ■ ■ ■ ,Mz,^) = Mf. is an isometry for each i = I, . . . ,n. Consequently, we have 

\\-^{Mf^^l£)x\\ = \\^f,{Mz,(E)l£,...,Mz„(^l£)x\\ = \\MMz,(E)In,---,Mz„^In)-^ix)\\ 

= \\^{x)\\ = ||x|| - WMMz, ® /£,... , Mz„ ® l£)x\\ = \\{Mf^ ® l£)x\\ 

for any x Ai and i — This implies that Ai is an invariant subspace under Mf. <Si l£, 

i = 1, . . . , n. Using the fact that Mz^ = gi{Mf.^ , ■ ■ ■ , Af/„)j i = 1, ■ • ■ , where g = (gi, . . . , gn) is the 
inverse of / = (/i, . . . , /„), we deduce that is invariant under Mz^ (g) /£, . . . , Afz„ (Xi /£■ On the other 
hand, since Ai-^ = ker^P and \['(M2; (g) If) = (M^. (g In)'^, it is clear that Ai-^ is also invariant under 
Mzi g) /f: , . . . , M^^ g) /f , which shows that is a reducing subspace for Mz^ g) , . . . , Mz^ g) l£ ■ Now, 
due to Corollarv 15.41 Ai — IHI^(/) g) Q for some subspace Q C £. Therefore, we have 

= *[1HI2(/) g) £] = ^'(X) = *[h2(/) g) 

and the restriction of ^ to IEII^(/) g) is an isometric multi- analytic operator, which proves our assertion. 
The next result can be viewed as a continuation of Theorem 14.11 

Theorem 5.5. Let T ~ (Ti, . . . , r„) G B/('H) &e a pure n-tuple of operators and let f — (/i, . . . , /„) 
have the model theory. Then the noncommutative Poisson kernel Kf_T '■ Ti- ^ H^(/) ®'Df^T defined by 
relation (|4.2p is an isometry, the subspace Kf,T{'H) is co-invariant under A'Izi g" In, • ■ • , Mz„ g" In, md 

T, = K}j.{Mz, g) Ivf,T)Kf,T, i^l,...,n. 

Moreover, the dilation above is minimal, i.e., 

H2(/) ®2?/,T = V {Mz^®Ivj,r)Kf^T{H), 

aeF+ 

and unique up to an isomorphism. 

Proof. The first part of the theorem was proved in Theorem 14. II Due to the definition of the noncommu- 
tative Poisson kernel -ft'/,T, we have [Pc ® Ivj^t )^f.T(^) = T^s,t- Applying Theorem l5.3| we deduce the 
minimality of the dilation. To prove the uniqueness, consider another minimal dilation of (Ti, . . . ,T„), 
that is, 

(5.3) T, ^ V*iMz, (g l£)V, i^l,...,n, 

where V : H ^ g" f is an isometry, V{H) is co-invariant under Mz^ g) /f, i = 1, . . . , n, and 

tf(/) (g £ = Y (Mz„ ® isWin). 

According to Theorem 14.31 and Theorem 14.11 we have 

span{ Afz„ : a, /3 G F+ } = C* {Mz, ,...,MzJ 

and there is a completely positive linear map $ : C* {Mzi , ■ ■ ■ , Afz„) ^ ^(^) such that ^{Mz^M'^^ ) = 
TaTp, a, (3 G F+. Note that relation (j5.3p and the fact that V{H) is co-invariant under Mz^ g) /f, 
i = 1, . . . , n, imply that 

$(A) = KItTTx{X)Ks,t = y*7r2(A)V^, A e C*(Afzi, . . • , A/zJ, 

where tti ,7r2 are the ^-representations of C* [AIz^ , ■ . ■ , Mz„ ) on (/) g) I'/.t and (/) g) f given by 
7ri(A) X®Ix)jj. and 7r2(A) := Agj/f, respectively. Since tti, 7r2 are minimal Stinespring dilations of 
$, due to the uniqueness [IS], there exists a unitary operator : H^(/) g) I'/^t — > g) £" such that 

W{Mz^ ® Ivf^^ ) = {Mz, <E>l£)W, i^l,...,n, 

and WKf T = V^. Hence, we also deduce that W{M'^^^Ix,^_.^) = (A^^^ g)/£)M^ for i = 1, . . . , n. Since, due 
to Theorem 14.31 the C*-algebra C*{Mzi, ■ . ■ ,Mz„) is irreducible, we must have W — Im^{f) g" F, where 
r G B(Vf^T,£) is a unitary operator. Consequently, we have dimI?/^T = dimf and WKj^tVCH) = 
which proves that the two minimal dilations are unitarily equivalent. The proof is complete. □ 
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Corollary 5.6. Let {Mz-^, . . . , Mz„) be the universal model associated with the noncommutative domain 
B/. The n-tuples {Mz-^ ® I-Ht ■ ■ , Mz„ ® Iv.) o,nd {Mzi ® Ikt ■ ■ , Mz„ (X" /k) I'^e unitarily equivalent if 
and only i/dim'H = dim/C. 

Proof. Let W ■.W^{f)®n ^ H2(/) (g) /C be a unitary operator such that W{Mz, ® In) ^ [Mz, I/cW 
for i — 1, . . . ,n. Since W is unitary, we have W{M^. (g) 1-^) — {M^. (g) Iic)W, i = 1, . . . ,n. Using the fact 
that C* {Mzi , . . . , Mz,J is ireducible, we deduce that W = (/) (8) F for a unitary operator T G B{'H,JC), 
which shows that dimH — dim/C. The converse is obvious, so the proof is complete. □ 



6. The Hardy algebra H°°{Mf) and the eigenvectors of . . . ,M^^^ 

Let / = (/i, . . . ,/„) be an n-tuple with the model property. We define the noncommutative Hardy 
algebra H°°{Mf) to be the WOT-closure of all noncommutative polynomials in Mz^, . . . , Mz^ and the 
identity Assume that / e A^H. We say that F : M<{H) B{H) is a free holomorphic function on 
By ("H) if there are some coefficients e C such that 

oo 

k=Q \a\=k 

where the convergence of the series is in the operator norm topology. Since, according to Lemma |4.10[ 
we have B<(-H) = g{[B{H)"']i) and f{g{X)) = X, X e the uniqueness of the representation of 

F follows from the uniqueness of the representation of free holomorphic functions on [_B('H)"]i. 

Theorem 6.1. Let f = (/i, ...,/„) be an n-tuple of formal power series with the model property and let 
Mf be the corresponding noncommutative domain. Then the following statements hold. 

(i) H°°{Mf) coincides with the algebra of bounded left multipliers o/H^(/). 

(ii) /// G A^", then H°°(Eif) can be identified with the algebra H°°(B^) of all bounded free holomor- 
phic functions on the noncommutative domain M'f{'H), which coincides with 

{ipof:B<{n)^B{n): ^ e H^^,,} . 

(iii) //■(/'£ H°°{Mf), then there is a unique (p — ^^CaSa in the noncommutative analytic Toeplitz 
algebra F!^ such that 

oo 

^ = SOT- lim ^ ^ c„rl"l[/(Afz)]a, e C, 

fc=0 |Q|=fe 

where Mz '■— (Mzi , • ■ • , Mz„) and the convergence of the series is in the operator norm topology. 

Proof. According to the proof of Lemma l373l Mf. — U^^SjU, j — 1, . . . ,n, where Si, . . . , Sn are the left 
creation operators on the full Fock space F'^{Hn), and Mz^ — U"^(pj{Si, . . . , S'„)C/, where <Pj(5'i, . . . , Sn) 
is in the noncommutative Hardy algebra F^. We recall that F^ is the WOT closure of the noncom- 
mutative polynomials in Si, . . . ,Sn and the identity. Since L[°°{Mf) is the WOT-closure of all noncom- 
mutative polynomials in Mz^, ■ . ■ , Mz„ and the identity, we deduce that H°°{Ef) C U'^F^U. On 
the other hand, using again Lemma 13.31 the creation operator Sj is in the WOT-closure of polynomi- 
als in (pi{Si, . . . , Sn), . ■ . , (pn{Si, ■ . ■ , Sn) and the identity. Consequently, we have U^^SjU G H°°{Mf), 
j = 1, . . . ,n, which implies U^^F^U C iJ°°(B/). Thus, we have proved that 

(6.1) H°°{Mf)^U-^F^U. 

Taking into account that U (H^(/)) — F'^{Hn) and that the algebra of bounded left multipliers on F^{Hn) 
coincides with F^ , we deduce item (i). 

To prove (n), we recall (see [37]) that if e then (^(X) = J^Zo E|a=fc ^ ^ [B(H)"]i, 

where the convergence is in the operator norm topology. Moreover, supxelBCH)"]! < ^^'^ 

the model boundary function ip := SOT- lim^^i X^fcLo X]|a=fe Oa'^'"' Sa exists in F^. Since, according to 
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LemmalHOl M<(n) = and figiX)) = X ior X e the map F : Mf{n) Bin) 

defined by 

oo 

k=0 \a\=k 

is well-defined with the convergence in the operator norm topology. Consequently, F = tpo f is a, bounded 
free holomorphic function on B^('H). Now, let G E H°°(Bj ). Then there are coefficients Cq, £ C such 
that 

oo 

k=0 \a\=k 

where the convergence is in the norm topology and supYeM-^CH) 11^(^)11 < Taking Y — g{rSi, . . . , rSn), 
we deduce that sup^gjQ^^) X^t^o X]|Q|=fc "^a^'"'*^" ^ which shows that the map <y9 : — ?> 
B{H), defined by = X^fc^o '^\a\=k ^aXa is in -ff^J^n, and G = (po f. This shows that 

H-(B<) = o / : m<{H) ^ B{H) : ^ G . 

Hence, using relation (j6.f p and the fact that i^^^ can be identified with ff^n, we deduce item (ii). 

To prove part (iii), let ip E iJ°°(B/). Due to relation (I6.f p . the operator U-tpU^^ is in the Hardy 
algebra F!^ and, therefore, there are coefficients € C such that 

oo 

U-ipU-^ = SOT- lim V V a^rl^lS-a, 

r— i-l -^^ — ' -^^ — ' 

fc=0 |a=fc 

where the convergence of the series is in norm. Since / has the model property, we have Mf. = 
fj{Mzi , . . . , Mz^), j = 1, . . . , n. Using now relation Mf. = U~^SjU, we deduce that item (in) holds. 
The proof is complete. □ 

Theorem 6.2. Let f — (/i, . . . ,/„) be an n-tuple of formal power series with the model property and 
let Mz '■— {Mzn ■ ■ ■ ,Mz„) be the universal model associated with the noncommutative domain By. The 
eigenvectors for M^_^ , ■ ■ ■ , Afz„ '^''"^ precisely the noncommutative Poisson kernels 

( n \i/2 

rA:= 1-El-^*(^)I' Et/W]"/- A = (Ai,...,A„)eB/(C). 

V i=l / QeF„ 

They satisfy the equations 

-^^z.Ta = AjFa, i = l,...,n. 
IfXe Mf{C) and ip{Mz) is in H°°{Mf), then the map 

$A :-ff°°(B/)^C, $AMAfz)) := ¥'(A), 



is WOT- continuous and multiplicative and ^p{X) = {ip{Mz)Y \) ■ Moreover, ip{Mz)*^ \ — (p{\)T\ and 
A H> is a bounded holomorphic function on B^(C) C C". 

Proof. Assume that A — (Ai, . . . , A„) G B^ (C). According to Theorem 14. 1[ the noncommutative Poisson 
kernel associated with the noncommutative domain By at A, which is a pure element, is the operator 
X/,A : C ^ H2(/) (g) C defined by 

Kf,x{z) - E -^^ ® 1 - E [fWU, z € C, 

which satisfies the equation (M^. Ic)Kf^\ — K f^\{XiIc) for i = 1, . . . , n. Under the natural identifica- 
tion of H2(/) (g) C with H2(/), we deduce that Ta = if/,A and 

M|TA = A,rA, z = l,...,n. 
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Conversely, let := J^pewt ^pfpi^) be a formal power series in IHI^(/) such that ^ and as- 
sume that M^,^ = Ai^, i = 1, . . . ,n, for some A — (Ai, . . . , A„) S C". Let fi have the representation 
fi = EasF+^a'^"- ^^^^'^ f = has the model property, we have Mf. = fi{Mz,, ■ ■ ■ , MzJ = 

EfcLi T,\a\=k ai^Mz^ , where {Mz^ , • . • , MzJ is either in the convergence set C^°'^(H2(/)) or {M^ {f)) . 
We shall consider just one case since the other can be treated similarly. For example, assume that 
(A^Zi, ■ ■ • ,MzJ e C^o^(H2(/)) and let 77 e H2(/). Then we have 

(m \ / m 

^'E E ^^<i^Mz^v = 1™ (E E <'^'i^M*zj,v 

(ni \ rn 

aQ^Aa<^,7? ) = lim a^aXa{^,v) 

which shows that 

(6.2) MMz„...,Mz„r^ = MXj^, i = l,...,n. 

Hence, and using the fact that M f. — fi{Mzi , • • ■ , Mz^), i = 1, . . . , n, we deduce that 

cp = M/, 1) = (C, [f{Mz, Mz Jhl) 
= {lf{Mz,,. . . , MzJ]}^, 1) = [fW]^ (C, 1) 

for any /3 e F+. Therefore, we have 

/3eF+ 

Since ^ € IHI^(/), we must have 

00 

E(i/iWi' + --- + i/"Wn'= E \[fwh\'<^- 

Hence, we deduce that |/i(A)p H h |/„(A)p < 1. 

Now, due to relation (|6.2p and using again that Mf. = fi{Mzi , ■ ■ ■ , Mz^), i = 1, . . . , n, we deduce that 
MJ,^ = /i(A)^. On the other, according to the proof of Theorem 14. II (see relation (|4.1I) '). we have 

Mz, = g,{Mf „...,Mf J ^ SOT- lim 5, {rMj, ,...,rMfJ. 

As above, one can show that gi{Mf^ , • ■ • , Mf^)*^ = gi{f{X))^ for i = 1, . . . , n. Combining this relation 
with the fact that M^,^ = Aj^, i = 1, . . . ,n, we conclude that A = g(/(A)). Therefore, A € (C). 

According to Theorem 16. 11 part (iii), we have ip{Mz) — SOT- lim^-).! J2kLo J2\a\=k Cq^'"' [f{Mz)]a for 
some coefficients Cq G C. Using relation (|6.2p . we deduce that 

00 

(^(Afz)rA,rA) = SOT- lim V V c„rl"l (F^, [/(Afz)];rA) 

r— >1 ^ — ^ ■'^ — ^ 

= soT-ihn^ E (rA,[7(A)IarA) 

00 

= SOT- lim ||r,|p E Car-I"l[/(A)]„ = ^(A). 

Similarly, one can show that (p{Mz)*T\ = (p{\)r\. According to Lemma 14.101 part (i), the mapping 
/|b<(C) : By (C) — >■ B„ is the inverse of g|B„ : B„ —J- B^(C). Since g is a bounded free holomorphic 
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function on the map B„ 9 A g{X) € B^(C) is holomorphic on B„ and its inverse B^(C) 9 

A I-)- /(A) G B„ is also holomorphic. On the other hand, according to Theorem 16.11 part (iii), there is 
tp e -f^baii such that (fi{X) = '0(/(A)) for A S B^ (C). Hence, we deduce that A 99(A) is a bounded 
holomorphic function on B^(C). This completes the proof. □ 

Theorem 16. 21 can be used to prove the following result. Since the proof is similar to the corresponding 
result from [13], we shall omit it. 

Corollary 6.3. A map $ : H°°(Mj:) — >■ C is a WOT-continuous multiplicative linear functional if and 
only if there exists A G B^ (C) such that 

^{A) = ^x{A):={ATx,Tx), AeH°-{Mf), 
where Tx is the noncommutative Poisson kernel associated with the domain Mf at X. 

Assume that / = (/i, . . . , fn) is an n-tuple of formal power series with the model property. Using 
Theorem 16. 11 one can prove that J is a WOT-closed two-sided ideal of H°°(Mf) if and only if there is a 
WOT-closed two-sided ideal I of such that 

J = WifiMz)) : ^ G T}. 

We mention that if ip{Si, . . . , Sn) G has the Fourier representation ip{Si, . . . , 5„) — J^aew'' ^aSa, 
then 

00 

= SOT- hm V V c„rl"l[/(Afz)]a 

r— ^1 ^ — ^ ^ — ^ 

fc=0 \a\=k 

exists. Denote by H°°{Vfj) the WOT-closed algebra generated by the operators Bi := Pj^jMzi\Afj, for 
i = 1, . . . , n, and the identity, where 

A/'j :=tf(/)eXj and Mj -.^Imj). 

The following result is a consequence of Theorem 4.1 from 2[ and the above-mentioned remarks. 

Theorem 6.4. Let J be a WOT-closed two-sided ideal of the Hardy algebra H°°{Mf). Then the map 

r : H°^{Mf)/J ^ B{JVj) defined by r{ip + J) ^ P_^,<fy, 

is a completely isometric representation. 

Since the set of all polynomials in Af^^, . . . , Mz^ and the identity is WOT-dense in H°°(Rf), Theorem 
EH implies that P^fJH°°{Mf)\^r, is a WOT-closed subalgebra of B{J\fj) and, moreover, H°°{Vfj) = 
P^,H°-iMf)U,. 

We need a few more definitions. For each A = (Ai, . . . , A„) and each n-tuple k :— (fci, . . . , fc„) g Nq , 
where No := {0, 1, . . .}, let A'' := A^ • • • A^. If k e No, we denote 

Ak {ae¥+: A„ = A^' for aU A G C"}. 

For each k e Nq , define the formal power series 

uj^'^^ — ^ e where 7k := cardAk = 

Note that the set {uj^^'> : k € Nq} consists of orthogonal power series in IHI^(/) and llw*^*^)!] = We 

denote by IH[^(/) the closed span of these formal power series, and call it the symmetric Hardy space 
associated with the noncommutative domain B^. 

Theorem 6.5. Let f = (/i,...,/n) be an n-tuple of formal power series with the model property and 
let [Mzi , . ■ . , Afz„ ) be the universal model associated with the noncommutative domain B / . Let be the 
WOT-closed two-sided ideal of the Hardy algebra H°^{Mf) generated by the commutators 

Mz^Mz^ - Mz^Mz,, i, j = 1, . . . , n. 

Then the following statements hold. 
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(i) H2(/) =span{rA : X G M< (C)} = Afj^ := M^ f) Q Ml). 

(ii) The symmetric Hardy space H^(/) can be identified with the Hilbert space i/^(B^(C)) of all holo- 
morphic functions tp : B^(C) — > C which admit a series representation tp{X) = J2keNo Ck/(A)'' 
with 

M2=J2 lckr:^<oo. 

kGNo 

More precisely, every element ip = X^keNo Ck'^^''^ in BIg(/) has a functional representation on 
Mf{C) given by 

V(A):=(V,f2A)= ^^Ck/CA)"^, A = (Ai,...,A„)eB<(C), 

keNo 

|V(A)| < . J!t"' A = (Ai, . . . , A„) e B^(C). 

(iii) The mapping A/ : B<(C) x B<(C) C defined by 

Aj(m, A) := {Qx, n^) = ——^r^—^==, X,^iG B<(C), 
«s positive definite. 



Proof First, note that I^a = EkeNj /(A) Tk^^"), A e B<(C), and, therefore, 

spaii{rA: A e B<(C)} c e2(/). 

Now, we prove that oj'--^^ G Nj^ := (Hn) Q Jc{l) ■ First, we show that Jc coincides with the WOT-closed 
commutator ideal of -ff°°(B/). Indeed, since Mz^Mz^ — Mz^Mz^ G Jc and every permutation of k objects 
is a product of transpositions, it is clear that Mz^Mz^, — Mzf,Mz^ G Jc for any a, /3 € F+. Consequently, 
Mz^iMz^Mzf, - MzpMzjMz^ G Jc for any a,/3,7,w G F+. Sinc e the polynomials in Mz^, . . . ,Mz„ 
are WOT dense in i/°°(B/), the result follows. Note also that Jc(l) C H2(/) coincides with 

span{Z^g^.g,,3 - ^79^3^^ : 7,^ e F+,i,i = 1, . . . ,n} . 

Similarly, one can prove that the WOT-closcd two-sided ideal generated by the commutators Mf^Mf- — 
Mf.Mj., i.j G coincides with the WOT-closed commutator ideal of iJ°°(B/). Combining these 

results, wc deduce that Jc coincides with the WOT-closed two-sided ideal generated by the commutators 
Mf.Mf. - Mf.Mf., i,j e {1, . . . ,n} and 



Jc(l) = span {fjgjg,^ - fjgigjp ■■ J,I3 €¥+,i,j = l,...,n} . 

Consequently, since 



J2 fa,Mf^{Mf^Mf, - Mf,Mf^)Mf^il)\ = 

aeAk I 



for any k G Ng , we deduce that w'''^ G A/j^. Hence, we have 1HI^(/) C A/j^. To complete the proof of part 
(i), it is enough to show that 

span{rA : A G B^(C)} = AOe- 
Assume that there is a vector x := E/3eF+ C/3//3 G A/j^ and x _L F;^ for all A G B^(C). Then 

/ cpfp,n\ = J2 cfiifWh = E ( E /(A)'' = 

for any A G B^(C). Since Bj (C) contains an open ball in C", we deduce that 
(6.3) ^ = for all k G N^. 
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Fix /3o <E Ak and let /3 e Ak be such that /3 is obtained from f3o by transposing just two generators. So 
we can assume that /3o — jgjdi^ and /3 = jgigjui for some 7, w G and i ^ j, i,j ~ 1, . . . ,n. Since 
X e A/jc = e Jc(l), we must have 

{x,Mf^iMf^Mf^ - Mf^Mf^)MfJl)) = 0, 

which imphes cp^ = cp. Since any element 7 G Ak can be obtained from /3o by successive transpositions, 
repeating the above argument, we deduce that c/3g = c-y for all 7 G Ak- Now relation (j6.3l) implies 
= for any 7 G Ak and k G Ng, so a; = 0. Consequently, we have spanfr^ : A G B^(C)} = JVj^. 

Now, let us prove part (ii) of the theorem. Note that 

\/3eAk / /3eAk 

for any A G B^(C) and k G Nq. Hence, every element V — SkeNo '^kW^''^ in H^(/) has a functional 
representation on (C) given by 

V'(A) := (V',^^A) - J2 Ck/(A)^ A = (Ai,...,A„)gB<(C), 

k6No 

and 

|^(A)| < ll^lbllf^Al' - 



The identification of Ml{f) with H'^{M< (C)) is now clear. If (Ai, . . . , A„) and (/ii, . . . , fin) are in B<(C), 
then we have 

Afi^^,X) = ^ [/(m)]/3I7(A)]^, 

/3eF+ 

which implies item (iii). The proof is complete. □ 

If A G B{H) then we denote by Lat A the set of all invariant subspaces of A . When U C BiTi) , 
we define Lat U — Plyiew Given any collection S of subspaces of then we set 

Alg 5 := {A G Bin) : 5 C Lat A}. 

We recall that the algebra U C B{H) is reflexive if Z// = Alg Lat U. 

Theorem 6.6. Let f = (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
{Mzi, • . • , Mz,^) be the universal model associated with the noncommutative domain Mf. If H°°{Vf^j^) is 
the WOT-closed algebra generated by the operators 

Li := PTsi2jf)Mzi\mi{f), « = 1, . . . ,n, 

and the identity, then the following statements hold. 

(i) H°°{yf^j^) can be identified with the algebra of all multipliers of the Hilbert space _ff^(B^(C)). 



(ii) The algebra H°°{Vf,jJ is refl. 



exive. 



Proof. According to the remarks following Theorem l6.4[ we have H°°{Vf,j^) = PH2(/)-ff°°(B/)|e2(/). Let 
ip{Mz) G H°°{Mf) and ip{L) = Ph2(/)¥'(A^z)|h2(/). Due to Theorem|631 since ilx G Ml{f) for A G Mf{C), 
and (p{AIz)*^\ — ip{X)^l\ (see Theorem 16. 2p . we have 

[^(L)V](A) - {ip{L),p,nx) = MMz)i^,nx) 



= '/'(A)^(A) 

for any -0 G IHI^(/) and A G B^ (C). Therefore, the operators in ]H[°°(V/^j^) are "analytic" multipliers of 
H2(/). Moreover, 

||^(L)|| =sup{||^xl|2 : xeH2(/), ii^ii < 
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Conversely, suppose that tp = X^keNo Ck^^"^' is a bounded multiplier, i.e., £ B(]HI^(/)). As in [13] (see 
Lemma 1.1), using Cesaro means, one can find a sequence Qm 

= E Ck^^wC') such that converges to 
in the strong operator topology and, consequently, in the -topology. Since Mq^ is a polynomial in 
Li, . . . , L„, we conclude that £ H°°{Vf^j^). In particular Li is the multiplier M\. by the coordinate 
function. 

Now, we prove part (ii). Let Y E _B(H^(/)) be an operator that leaves invariant all the invariant 
subspaces under each operator Li,...,L„. According to Theorem 16.21 we have L*rx = XiT\ for any 
A G B^(C) and i = 1, . . . ,n. Since Y* leaves invariant all the invariant subspaces under L\, . . . ,L*^, the 
vector Q,x must be an eigenvector for Y* . Consequently, there is a function tp : B^(C) — ?► C such that 

Y*nx = (^(A)17a for any A € B^(C). Due to Theorem EH if / € i?^^(/), then Yf has the functional 
representation 

(y/)(A) = {Yf,nx) = {f,Y*nx) = ^(A)/(A) for all A G B<(C). 

In particular, if / = 1, then the functional representation of Y{1) coincide with (p. Therefore, (p admits 
a representation X^keNo ''k/(-^)*' on Bj(C) and can be identified with X(l) g M'^{f). Moreover, the 
equality above shows that pf G i?^(B^(C)) for any / G ^l{f)- Applying the first part of this theorem, 
we deduce that Y = AI^ G H°°{Vf^jJ. The proof is complete. □ 

We remark that, in the particular case when / = (Zi, . . . , Z„), we recover some of the results obtained 
by Arias and the author, Davidson and Pitts, and Arveson (see [30], [1], [2], [H], [13], and [3]). 

7. Characteristic functions and functional models 

In this section, we introduce the characteristic function of an n-tuple T = (Ti, . . . , r„) G Mf{H), present 
a model for pure n-tuples of operators in the noncommutative domain B/('H) in terms of characteristic 
functions, and show that the characteristic function is a complete unitary invariant for pure n-tuples of 
operators in B/('H). 

Let f — (/i ,...,/„) be an n-tuple of formal power series with the model property and let (Mz-^ j ■ • • i Mz„ ] 
be the universal model associated with the noncommutative domain B^. We introduce the characteristic 
function of an n-tuple T = (ri,...,r„) G By('H) to be the multi-analytic operator, with respect to 

having the formal Fourier representation 

-In^f) f{T) + (/h2(/) Af^r) (^In^f)<g,n - ^ A, ® /,(T)*^ 

[Ai ® /?i,...,A„(g)/«] (/]H2(/) ® A/,T-) , 

where Ai, . . . , A„ are the right multiplication operators by the power series /i, . . . , /„, respectively, on 
the Hardy space H^(/), and the defect operators associated with T :— (Ti, . . . ,T„) G Mf{H) are 



1/2 



A/.T ■■={ln-J2 MT')MTr ) e Bin) and A^^t- (/ - f{Trf{T)Y'^ G B{n 

i=l 



in)) 



while the defect spaces are Vf^x '■— Aj^tH and Vf T* '■— A/t*"?^'"), where H*-"-* denotes the direct sum 
of n copies of H. We remark that when / — (/i, . . . , /„) = {Zi, . . . , Z„), we recover the characteristic 
function for row contractions. We recall that the characteristic function associated with an arbitrary row 
contraction T := [Ti, . . . , T„], Ti G B{H), was introduce in [25] (see [46] for the classical case n — 1) and 
it was proved to be a complete unitary invariant for completely non-coisometric (c.n.c.) row contractions. 
Related to our setting, we remark that 

(7.1) Qf^T = (U* (g> Iv,,^)Qfi^T){U ® /d,,,. ), 
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where 0/(r) is the characteristic function of the row contraction /(T) = [/i(r), . . . , /„(T)] and U : 
]HI^(/) — > F'^{Hn) is the canonical unitary operator defined hy Ufa — e^, a e F+. Consequently, due to 
Theorem 3.2 from [34], we deduce the following result. 

Theorem 7.1. Let f = (/i, ...,/„) be an n-tuple of formal power series with the model property and let 
T = (Ti,...,r„)eB/(i/). Then 

(7-2) lM2{f)(S}Vf_T - ^f,TQ*f^T = Kf,TK*f j., 

where Q f^T is the characteristic function of T and Kf.r is the corresponding Poisson kernel. 

Now we present a model for pure n-tuples of operators in the noncommutative domain B^(H) in terms 
of characteristic functions. 

Theorem 7.2. Let f — (/i, . . . ,/„) be an n-tuple of formal power series with the model property and 
let {Mzi , ■ ■ ■ , Mz„ ) be the universal model associated with the noncommutative domain Mf . If T = 
(Ti, . . . , T„) is a pure n-tuple of operators in MflT-L), then the characteristic function Qf_T is an isometry 
and T is unitarily equivalent to the n-tuple 

(7.3) (-PH/,r(^^Zi ® Ivf,T)\Kf,T-, ■ ■ ■ -.P-Rf^TiMz^ ® IVf,T)\-af,T) > 
where Phjt '^s the orthogonal projection ofM^(f) (g) Df^ on the Hilbert space 

H/,T := {M^f)(g)Vf^T) e&f^T{Vi\f)<E)Vf^T'). 

Proof. According to Theorem 15.51 the noncommutative Poisson kernel if/,T : "H — > H^(/) (g) I?/,t is an 
isometry, Kf^rH is a co- invariant subspace under Mz^ (8) IVf,T-i i — 1, ■ ■ . ,n, and 

(7.4) T, = KlT{Mz,®Ivf,r)Kf,T, i = l,...,n. 

Hence, Kj^K^rp is the orthogonal projection of ]HI^(/) ® 'L)f,T onto X/^t'H. Using relation (17. 4|) . we 
deduce that Kf^xKfT ^-^^ 0/.t©}t are mutually orthogonal projections such that 

Ks,TK*fT + Qf,TQ*f^T = In^f)(g,Vf_T- 

This implies 

Kf^rH = {lf{f)(g)Vf^T)eef^T{Vl^{f)(^'Df,T-)- 
Taking into account that Kj^t is an isometry, we identify the Hilbert space "H with Hj.t ■= Kf,T'H. 
Using again relation (|7.4p , we deduce that T is unitarily equivalent to the n-tuple given by relation (|7.3p . 
That Qf,T is an isometry follows from relation (|7.ip and the fact that the characteristic function of a 
pure row contraction is an isometry 1251 . The proof is complete. □ 

Let $ : H2(/) /Ci ^ M^{f) ® IC2 and $' : M^{f) JC[ W^if) ® K.'^ be two muhi-analytic operators 
with respect to Mz^ , . ■ ■ , Mz^ ■ We say that $ and $' coincide if there are two unitary mult i- analytic 
operators : lP{f)(g>ICj VP{f)(g)IC'j, j = 1,2, with respect to Mz,,.. ■,Mz„ such that $Wi = W2'^. 
Since Wj{Mz, «) /ycj = (M^. <^ Ik.'.)Wj, i = 1, . . . ,n, we also have Wj{M^^ (g) /ycj = (M|^ (Ki lKr)Wj, 
i = l,...,n. Taking into account that C* {Mz^, ■ ■ ■ , Mz^) is irreducible (see Theorem 14. 3p . we conclude 
that Wj = /h2(/) ® Tj, j = 1, 2, for some unitary operators tj £ B{JCj,JC'j). 

The next result shows that the characteristic function is a complete unitary invariant for pure n-tuple 
of operators in By('H). 

Theorem 7.3. Let f = (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
T — (Ti, . . . ,r„) e Mf{'H) and T' = {T{, . . . ,T^) G Mf^H') be two pure n-tuples of operators. Then T 
and T' are unitarily equivalent if and only if their characteristic functions Qf^T o,nd &f,T' coincide. 

Proof. Assume that T and T' are unitarily equivalent and let W : H ^ H' he a unitary operator such 
that T, ^ W*T(W for i = 1, . . . , n. Note that 

WAf^T = Af^T'W and (®^^i1F)A/,t- = A/,t'* (©r=iW')- 
Consider the unitary operators r and t' defined by 

T W\vf^T ■■ '^f,T -> Vf^T- and r' (®r=iW^)|x'/,T* ■ '^f,T* ^ 'Df,T" ■ 



42 



GELU POPESCU 



Using the definition of the characteristic function, we deduce that (/h2(/) <8) r)6/^T = Q f,T'{lM^{f) €5 t'). 

Conversely, assume that the characteristic functions of T and T' coincide. Then there exist unitary 
operators r : 2?/,t — > 2^/,T' and r* : I?/,t' — > T^f,T" such that 

(7.5) (g)T)e/,T = e/,T'(/H2(/) «)T*). 

Hence, we deduce that V := (/][j2(/) (8)t)|hj, ^ : H/.t — > H/^t' is a unitary operator, where H/.t and Mf^x' 
are the model spaces for the n-tuples T and T', respectively, as defined in Theorem 17.21 Since 

(M|^ (g)/p^^)(/H2(/) (8)r*) = (/h2(/) '^T*)(M|^ (g)/x,^^,), i = l,...,n, 

and IHI/_T (resp. H/^t') is a co- invariant subspace under Mz^ <Xi Ivf t (resp. Mz^ ® Ivj ^,), i — 1, . . . ,n, 
we deduce that 



Consequently, we obtain 



{M*z. (E) Iv 



f.T' ' 



1, 



y, i — 1, . . . ,n. 



Now, using Theorem [721 we conclude that T and T' are unitarily equivalent. The proof is complete. □ 

Theorem 7.4. Let f — (/i,...,/n) 6e an n-tuple of formal power series with the model property and 
let {Mzi , ■ ■ . , z„ ) the universal model associated with the noncommutative domain B / . Then the 
following statements hold. 

(i) //A^i, A^2 C E[^(/) are invariant subspaces under the operators Mzi, ■ ■ ■ ,Mz„, then the n-tuple 
iPj^±MzAMi, . . . ,PM^MzJMi) IS equivalent to {Pm±MzAM^ , . . . .Pm^MzJM^) if and 
only if Ml ~ M2- 

(ii) If M Q M.'^lf) is an invariant subspace under Mzi, ■ ■ ■ ,Mz„, and 

r:= (Ti,...,T„), Tr.^PM^Mz,\M^, i = l,...,n, 
then A4 — Qf,T (]3^(/) <E)T>f^T*) , where 6/,t the characteristic function ofT. 

Proof. Assume the hypotheses of item (ii). Since / = (/i, . . . ,/„) is an n-tuple of formal power series 
with the model property, M/. = fi{Mzi , • ■ ■ , A/^^ ), where [Mz^ , ■ ■ ■ , Mz„ ) is either in the convergence 
set C^°^{BP{f )) or Cp'^(H2(/)). Since is invariant under M|^, . . . ,M|„, we deduce that 

n 
i=l 

= Pm^{Iw^{S) - MfM*f^)\M± = Pm^Pc\m^- 
Hence, rankA/^T < 1- On the other hand, since [M/^ , . . . , M/^] is a pure row contraction, so is 
[/i(T), . . . , /„(T)]. Therefore, T is pure n-tuple inIB/(A^-'-) and rank A/^T ^ 0, which implies rank A/_t = 
1. Therefore, we can identify the subspace I?/,r with C. The Poisson kernel Kf^T '■ M.^ ^ ^^{f) ® T^f,T 
can be identified with the injection of M^ into H^(/), via a unitary operator from H^(/)(g)I?/^T to H^(/). 
Indeed, note that if J2a'^afa & Ml-^ C IHI^(/), then, taking into account that Af^r = Pm^PcIm-^ and 
[/(r)]a = ^A^^M/J^^, we have 

^f,T = J2 f0®PM^Pc\M^M*f^ [yZcc^fA = Cpfp®PM^{l), 

which implies our assertion. As a consequence, we deduce that the n-tuple (ri,...,r„) is unitarily 
equivalent to {Kj j^Mz^K f^T, ■ ■ ■ , K} T^^z^Kf,T)- Due to Theorem 15.51 the n-tuple (M^^ , . . . , Afz„) is 
the minimal dilation of (Ti , . . . , r„ ) . 

Now, using this result under the hypotheses of item (i) and the uniqueness of the minimal dila- 
tion (see Theorem 15. 5p . we obtain that the n-tuple {Pj^±Mzi\Mj^ , . . . , Pj^±Mz„\M^) is equivalent to 
{Pj^±Mzi\M2,---,Pm^^'^zJM2) if and only if there exists a unitary operator W : H^(/) EI^(/) 
such that WMz, = Mz,W, i = 1, . . . , n, and W{Mi) = M^. Hence we deduce that VFAf|. = M^,W, 
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i = 1, . . . ,n. Since C*{AIzi, ■ ■ ■ ,Mz„) is irreducible (see Theorem 14. 3|) . 14^ is a scalar multiple of the 
identity. Therefore, we must have M.i = M.2, which proves part (i). 

To prove part (ii), note that, due to Theorem 17.21 we have 

H/.T = h2(/) e e/,T (h2(/) ® V},T.) 

and T = (Ti, . . . , r„) is unitarily equivalent to (-Ph/ t^^Zi |h/ t i ■ • ■ i t-^^z„ |h/ t) • Using part (i), we 
deduce that H/.t = M-^ and therefore M = Qf^r ^ P/.t*)- This completes the proof. □ 

The commutative case. Assume that / = (/i,...,/„) has the model property. According to 
Theorem 16.51 and Theorem 16.61 if Jc is the WOT-closed two-sided ideal of the Hardy algebra H°°{Mf) 
generated by the commutators 

Mz. Mz^ - Mz^ Mz,, i,j = l,...,n, 

then A/jc — the symmetric Hardy space associated with B/. Moreover, H^(/) can be identified 

with the Hilbert space H^{M'j{C)) of holomorphic functions on B^(C), namely, the reproducing kernel 
Hilbert space with reproducing kernel A/ : B^(C) x By (C) — > C defined by 

A/(/i,A):= , A,AteB<(C). 

The algebra PH^2(y)IHI°°(B/)|][j2(y) coincides with the WOT-closed algebra generated by the operators 
Li ■= Pa^{f)Mzi |h2(/), i = 1, ■ ■ ■ ,n,, and can be identified with the algebra of all multipliers of the Hilbert 
space H'^(MJ (C)). Under this identification the operators Li, . . . , L„ become the multiplication operators 
Mz-^, . . . , Mz„ by the coordinate functions zi, . . . , z„, respectively. Now, let T := (Ti, . . . , T„) £ Mf{'H) 
be such that TiTj = TjTi, i,j = l,...,n. Under the above-mentioned identifications, we define the 
characteristic function of T to be the multiplier Of,j^,T ■ H'^iMf Vf^r- ^ H'^{Mf{C))<SiVf^T given 

by the operator- valued analytic function on By (C) 

Ofj^.Ti^) ■■= -f{T) + A;.T mh{T)*^ [fi{^)In, . . . , fn{z)In] ^f.T- 

for z — (^1, . . . , Zn) e B5(C). All the results of this section can be written in this commutative setting. 



8. Curvature invariant on 8/(7^) 

In this section, we introduce a curvature invariant on the noncommutative domain By(H) and show 
that it is a complete numerical invariant for the finite rank submodules of the free B/-Hilbert module 
V?{f) ® JC, where K, is finite dimensional. We also provide an index type formula for the curvature in 
terms of the characteristic function. 

Let f — (/i ,...,/„) be an n-tuple of formal power series with the model property and let {Mz^ , ■ ■ ■ , Mz„ ) 
be the universal model associated with the noncommutative domain B/. Let T = (Ti, . . . ,Tn) S B/(^) 
be such that 

/ n \ 1/2 

rank f{T) rank y-J2 MT)MTy] < oo. 

We define the curvature of T by setting 

trace [K*j rj.{Q<^ (g) I-Uj .^)Kf^T] 



curv/(T) lim 



trace [K*fj,^^{Q<yn)KfMz] 



where Q<m, m = 0, 1, . . . , is the orthogonal projection of H^(/) on the linear span of the formal power 
series fa, a G with \a\ < m. In what follows, we show that the limit exists and we provide a formula 
for the curvature in terms of the characteristic function. We denote by Qm, m = 0,1, . . . , the orthogonal 
projection of H^(/) on the linear span of the formal power series /„, a G with \a\ = to. 
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Theorem 8.1. Let f = (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
T = (Ti, . . . ,r„) G MflJi) be such that rank /(T) < oo. Then 

curv/(T) = rank f{T) - trace [Qf^riQa /©^ )e}^-r^], 
where 8 /,t «s i/ie characteristic function of T and 

oo _^ 

Proof. Since 

trace [Kf^M^{Q<m)Kf^Mz] = trace [(3<„i] = 1 + n H h n", 

we can use Theorem 1 7. II to deduce that 



curv/(T) = Um 

m— ^oc 

= hm 



1 + n H h 

trace [K*j ,j,{Q^ ® Ivf,j,)KfM 



trace [{Qm » IvrT)Kf,TK% j.]((5,„ ®Ivit) 
= hm ^ ^-^ ^ — 

, , , , trace [(Q„(g)/-D )e/.Te*.y(Q,„(g)J-D )] 
= rankf(i)— hm '■ '■ , 

provided the latter hmit exists, which we should prove now. Since 6/,t is a multi- analytic operator with 
respect to Mz^ , ■ ■ ■ , Mz„ and 

oo 

A:=0 \a\=k 

we deduce that 

m 

((5m«)/x)^,r)0/,Te}^-r(<9m®^X),,T) ==E E iQm.M (g) 1)0 f .t{Qo <E) Iv f ^^,)Q*f,T{M}^Qm I) ■ 

k=0 \a\=k 

Hence, and taking into account that X]|a|<m ^-^f QmMf^ — X^feLo ''^^Qm-k, we obtain 

trace [(Q™ «) /p^,^)e/,Te}_y(0™ ® _ trace [(e/,T(Qo ® /x)^.^. )e} ,r)(E|a|<m A^;„<3™^^/« -^i^^.t)] 



= trace [e/,T(i9o ® Ivf^^, )e}_-r^m], 

where A^„j := X^feLo -^^Qk ® Ivf,T - Consequently, we have 

n ^ . rn ^ r ^n* i ^ trace [(Q^ ^ /D,,^)e/,Te}^(Q^ ^ 

< trace [e/,T(Qo ® Ivf^T')^f,TN,n] < — 

— ll®/,T|pdimI?/^T = dim'Df^T < oo. 
Since {N„i} is an increasing sequence of positive operators convergent to N, we deduce that 

trace [9/, t(Qo «) Ivf Wf t^] = Hm trace [9/, t(Qo ® Ivf )9f j,7V,„]. 
Combining this result with the relations above, we complete the proof. □ 



We remark that the proof of Theorem 18.11 is simpler than that of the corresponding result from [33] , 
in the particular case when / = (Zi, . . . , Zn)- 

Corollary 8.2. Let f = (/i, . . . ,/„) be an n-tuple of formal power series with the model property. If 
T — (Ti, . . . ,r„) G Mf{'H) and rank f{T) < oo, then 

trace [/ - 

curvKT)= hm \ 'J' = cnvvifiT)), 

m-yoo 1 + n + • • • + 

where the :— X"=i fi{'^)"^fi('^)* ^.''^d curv(/(T)) is the curvature of the row contraction f{T). 
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Proof. Due to the properties of the noncommutativc Poisson Kernel Kf^T, we have 

\\a\=k J \a\=k 

\a\ = k 

where <J)y°j,(/) := SOT-hmfc_j.oo Consequently, we obtain 

Now, using the equalities from the proof of Theorem 18. 11 the result follows. □ 

Theorem 8.3. Let f = (/i, . . . ,/„) be an n-tuple of formal power series with the model property and 
let {Mzi, ■ ■ ■ ,Mz„) be the universal model associated with the noncommutative domain By. If an n-tuple 
T = (Ti,...,T„) G Mf{H) is such that ranky(r) < oo, then T is unitarily equivalent to the n-tuple 
{Mzi ® Ik.-, ■ ■ ■ , Mz„ Ik) with dim IC < oo if and only if T is pure and 

Curv/(T)=rank^(T). 

Proof. Assume that T := (Ti, . . . , T^) e B/(iJ) is unitarily equivalent to (Mz^ (g) Ik:,..., Mz„ ® Ik.), 
where dim/C < oo. Note that due to the fact that / — (/i, . . . , fn) has the model property, we have 

rank /(T) = rank U - E f^^^^^Zi ®Ik,---, Mz„ (E) lK)ft{Mz, <E)Ik,---, Mz„ (E) Ik)* j 

= rank ^/ - E(^^/- ® Iic){Mf, <g) Ik)*^ = dim/C. 
On the other hand, according to the definition of the curvature, we have 

^ ,. ^'^^Ce[Klj^^^j {Q<rn® lK)Kf,Mz0lK] ^ 

CurvflJ ) = hm — — — -— — = dim/C. 

m^oo trace [K*j^j^{Q<,n)Kf^Mz] 

Conversely, assume that T is pure and Curv / (T) — rank / (T) . According to Theorem 17.11 

where 0/_t is the characteristic function associated with T. Since the noncommutative Poison kernel 
Kf^T is an isometry, 6/,r is an inner mult i- analytic operator. On the other hand. Theorem 18.11 implies 

Curv/(r) = rank f{n) - trace [Qf,T{Qo ® Iv;^^, )B},t^]> 

where N is the number operator. Therefore, trace[9 /,t(Qo ® Ivf )©/ t^] ~ ^- Since trace is faithful, 

we obtain 6/,t(Qo E) Ivf j„)Q*frpQj = for any j = 0, 1, This implies 8/,t(Qo E) Ivj t- )Q/ t = 0. 

Taking into account that 0/,t is an isometry, we infer that 0/,t(Qo ® I-Dj j,,) = 0. Since 0/,t is multi- 
analytic with respect to Mz^ , . ■ . Mz„ , and C [Zi , . . . , Z„] is dense in (/) , we deduce Qf^r =0. Using 
again the fact that Kf^rKf t + ®f,T'^*f t ~ IrP(f)^Vi '^^ deduce that if/,T : 'H — >■ IHI^(/) ® T^f,T is a 
unitary operator. According to the properties of the Poisson kernel, we have 

K}j,{Mz, E) IvjjKf^T = T,, i^l,...,n. 

This shows that the n-tuple (Ti, . . . , r„) is unitarily equivalent to (A/zi ® I-Uf t)' • ■ • ' ® ^Vj t) ^^'^ 
dimV f T < oo. This completes the proof. □ 

In what follows we show that the curvature on B/('H) is a complete numerical invariant for the finite 
rank submodules of the By-Hilbert module H^(/) (E) IC, where JC is finite dimensional. 
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Theorem 8.4. Let f = (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
Mz '■= {Mz^, ■ . ■ , Mz„) be the universal model associated with the noncommutative domain B/. Given 
A4,J\f (- H^(/) two invariant subspaces under Mzi, ■ • ■ , Mz„, the following statements hold. 

(i) IfTSLiikf{Mz\M) < oo, then Curv/(A/z|7w) = Taukf{Mz\M)- 

(ii) If rank f{Mz\M) < oo o,''^d rank f{Mz\j\f) < oo, then Mz\m is unitarily equivalent to Mz\j\f if 
and only if 

CnTVf{Mz\M) = CnTVf{Mz\Ar)- 

Proof. Let g — {gi, . . . ,gn) be the inverse of / = (/i, . . . , /„) with respect to the composition of formal 
power series. Since / has the model property, we have 

f,{Mz„...,MzJ ^ Mf, and g,{Mf„ . . . , MfJ ^ Mz, 

for any i = 1, . . . , n. Hence, we deduce that a subspace A4 is invariant under Mz^ , ■ • ■ , Mz„ if and only if it 
is invariant under M/^, . . . ,M/„. Werecahthat Mf. = U'^SiU ,i^l,...,n, where U : B.'^{f) F^{Hn) 
is the unitary operator defined by U{fa) = e^, a G F+, and S'l, . . . , S'„ are the left creation operators. 
Now, one can easily see that A4 is an invariant subspace under Mz^ , ■ • ■ , Mz^ if and only if UAi is 
invariant under S'l, . . . , 5'„. Hence, using CoroUarv l8.2l and the fact that UPmU^^ = PuM: we have 

rank f{Mz\M) = rank {fi{Mz\M), ■ ■ ■ Jn{Mz\M)) 

= rank {U-^SiU\m, • • • , U~^SnU\M) 

= rank {SiIum, ■ ■ ■ , SuIum) 

and 

Cmvf{Mz\M) = Curv (/i(Afz|A^), • • • , fn{Mz\M)) 
- Curv {U-^SiU\m, • • • , U-^SnU\M) 

= Curv {Si\uM,---,Sn\uM) 

According to Theorem 3.2 from [SB], we have 

rank {Si\uM,- ■ ■ , Sn\uM) = Curv (S'l Ic/th, . ■ . , Sn\uM) ■ 

Combining the results above, we deduce item (i). To prove part (ii), note that the direct implication is 
due to the fact that, for any T = (Ti, . . . , T„) e Mf{H) and T' = (r{, . . . ,T^) € Mf{n'), if T is unitarily 
equivalent to T', then Curv/(T) — Curv/(T'). Conversely, assume that Curv/(Mz|7n) = Curv/(Mz|7V'). 
As shown above, the latter equality is equivalent to 

Curv(Si|;7;H, . . . ,S„|c/A^) = Cmv{Si\uAf, SnluM) ■ 

Applying again Theorem 3.2 from [33], we find a unitary operator W : UM ^ UAf such that 

WiS,\uM)^{S^\u^)W, i = h...,n. 

Consequently, we have 

iU-^WU\M){U-^S^U\M) = {U-^S,U\^)iU-^WU\M), I = 1, . . . , n, 

which implies 

{U-^WU\M){MfAM) = {Mf^^){U-^WU\M), ^ = 
Using now relation gi{Mf-^ ■ ■ , -^/„) — Mz^, i ~ 1, . . . ,n, we obtain 

{U-'WU\m){MzAm) = {MzA^){U~'WU\m), i = l,...,n. 

Since U~^WU\m : M ^ N is a unitary operator, we conclude that the n-tuples (M^J^, . . . ,Mz^\m) 
and {Mzi IaA, • . • , Mz^\n') are unitarily equivalent. The proof is complete. □ 

We remark that all the results of this section have commutative versions when T ~ (Ti, . . . ,Tn) G 
MfCH), TiTj = TjTi, and the universal model {Mzi, • • ■ , Mz„) is replaced by the n-tuple (ii, . . . , L„), 
where Li := Pu2(^')MzJn?(/), i — 1, . ■ . ,n, and IHI^(/) is the symmetric Hardy space associated with the 
noncommutative domain Mf. In this case, we obtain analogues of Arveson's results |4j concerning the 
curvature for commuting row contractions, for the set of commuting n-tuples in the domain Mf{'H). 
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9. COMMUTANT LIFTING AND INTERPOLATION 

In this section, to provide a commutant lifting theorem for the pure n-tuples of operators in the non- 
commutative domain B^('H) and solve the Nevanlinna Pick interpolation problem for the noncommutative 
Hardy algebra H°°(B<). 

First, we present a Sarason |44) type commutant lifting result in our setting. 

Theorem 9.1. Let f = (/i, . . . ,/„) be an n-tuple of formal power series with the model property and 
let (Mzi, ■ ■ ■ , Mz„) be the universal model associated with Mf. Let Sj C M'^{f) ®lCj, j — 1,2, be a 
co-invariant subspace under each operator Mz^ (8" Ikj, i — 1, ■ ■ ■ ,n. 
If X : El £2 is a bounded operator such that 

X[P£,iMz,®lK,)\£,] = [P£,iMz,®lK,)\£,]X, ^ = l,...,n, 
then there exists a bounded operator Y : H^(/) ® /Ci — > IHI^(/) ® IC2 with the property 

Y{Mz, (E)Ik^) = (Mz^ ®Ik^)Y, z = 1, . . . , n, 
and such that Y* £2 Q£i, Y*\£2 ^ X* , and \\Y\\ = \\X\\. 

Proof. Setting A, := Ps^Mz, ® Iki)\£i and B, := P£^{Mz,® Ik2)\£2, we have XA, = B,X, i = l,...,n. 
Since / has the model property and £1 is a co-invariant subspace under each operator M^. ® ItCj , 
i = 1, . . . , n, we deduce that £1 is a co- invariant subspace under fi^AIz^, ■ ■ ■ , Mz„) ® IjCi = Mf- (g) Ifc^ 
and 

/, ( , . . . , An) = Pe, [/, {Mz, ,...,MzJ®IK^\£^=P£^{Mf^®IK^)\£^, i = I, . . . ,n. 

Similarly, £2 is a co-invariant subspace under fi {Mz-^ , • ■ • , Mz^ ) ® Ik2 — Mf - <Si and 

. . . , B„) = Pf, [f^{Mz,.. .■,MzJ® Ik2]\£2 = P£2{Mf^ ® /^Jl^,, z - 1, . . . ,n. 

Using the canonical unitary operator U : H^(/) — F^{Hn), defined by U{fa) = Bq, a e F+, we have 
Mf. = U*SiU and the subspace U{£i) is co-invariant under 5*1 /yc ^ , . . . , 5„ /yc ^ , where , . . . , are 
the left creation operators on F'^{Hn). Similarly, we have that U{£2) is co- invariant under each operator 
Si <8) /k;2i ■ ■ ■ ,Sn Ik2- Now, since XAi = BiX, we deduce that Xfi{Ai, . . . , A„) = fi{Bi, . . . , i?„)X, 
i — 1, . . . , n, which together with the considerations above imply 

X [Pu{£i){Si<® IlCi)\u{£i)] = [Pu{£2)iSz'® Ik2)\u{£2)] X, i = l,...,n, 

where X : U{£i) U{£2) is defined by X := UXU*\u(£^y Note that [5i (g) /yci , . . . , 5„ (g) /kJ is an 
isometric dilation of the row contraction [Pu(£i){Si®Iki)\u{£i)-, • ■ • : Pu(£i){Sn® Ik.i)\u(£i)\- Applying the 
noncommutative commutant lifting theorem from j24, we find a bounded operator Y : F'^{Hn) (g /Ci — >■ 
F^^{Hn) ® JCj with the properties Y{S^ g) /ycj = {S^^<S) for i = Y*{U{£2)) C U{£i), 

Y*\ui£2) = X*, and ||y|| = \\X\\. Now, setting F := UYU* , we deduce that Y : M?{f)®K,i M?{f)®lC2 
has the property 

Y{Mf^ (E)Ik:,) = [Mf^ g) Ik:-,)Y, i = l,...,n, 
and also satisfies the relations Y*£2 C £1, Y*\£2 — X*, and ||y|| = \\X\\. Once again, taking into account 
that / has the model property, we have M^. = gi{Mf^ , • • • , Mf^) for i = 1, . . ., where g — {gi, . . . , g„) 
is the inverse of / = (/i, . . . , /„) with respect to the composition, and gi{M , . . . , Mf^) is defined using 
the radial SOT- convergence. Consequently, the above-mentioned intertwining relation implies 

Y{Mz, (g /kJ - Y[g,iMf„. . . , MfJ (g 1^,] = [g.(A//,, . . . , MfJ <g /^JF = (Mz, (8> 
for i = 1, . . . , n. The proof is complete. □ 

Recall that, due to Theorem 1631 and Theorem [Ql we have H2(/) = span{rA : A e B<(C)} and 
M'^,T\ — XiT\ far all i = 1, . . . , n. This shows that IHIg(/) is a co-invariant subspace under each operator 
Mzi , • . • , Mz^ ■ We remark that this observation can be used together with Theorem 19.11 to obtain a 
commutative version of the latter theorem, when £j C M'^(f) g) K-j, j = 1, 2, are co-invariant subspaces 
under each operator Li (g lie - , i — 1, . . . ,n. 

Now we can obtain the following Nevanlinna-Pick pT| interpolation result in our setting. 
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Theorem 9.2. Let f = (/i, ••■,/«) be an n-tuple of formal power series with the model property. If 
Ai, . . . , Am are m distinct points in B^(C) and Ai, . . . , Am G B{IC), then there exists $ g H°°{Mf)'S>B{IC) 
such that 

||<I>|| < 1 and ^{Xj) ^ Aj, j ^l,...,m, 
if and only if the operator matrix 



l-ELi/fe(A.)/fe(A,) 



is positive semidefinite. 



Proof. Let Xj := (A^i, . . . , Xjn), j = 1, . . . , m, be m distinct points in B^(C). Consider the formal power 
series 

/ n \ 1/2 



,m, 



and set flx^ := (1 — X]r=i l/il-^j)) According to Theorem l6.2[ they satisfy the equations 

(9.1) Af^TA, =A,.rA,, 

Note that the subspace Ai := spanlr^. : j = l,...,m} C IHI^(/) is invariant under Af^. for any 
i = 1, . . . , n. Define the operators Xi g B{M K.) by setting Xi := Pj^Mz^ \m Ik, i = ■ ■ ,n. Since 
/ is one-to-one on (C), we deduce that /(Ai), . . . , /(Am) are distinct points in B„. Consequently, the 
formal power series Txi , • ■ • , are linearly independent and we can define an operator T G B{A4 ® /C) 
by setting 

(9.2) T*irx^®h)^rx^®A*h 



for any h G K. and j — 1, . . . ,k. A simple calculation using relations (|9.ip and (|9.2p shows that TXi = XiT 
for i — 1^ . . . ,n. Since is a co-invariant subspace under each operator , ? = 1, . . . , n, we can apply 
Theorem 19. II and find a bounded operator Y ■.M^{f ) (g> K. ^ H^(/) ® K. with the property 

(9.3) Y{Mz^®Ik)^{Mz^®Ik)Y, i = 
and such that 

(9.4) Y*{M®JC) (lM®JC, Y*\M®JC=T\ 

and = ||r||. Due to relation (|9.3p and the fact that Af/. = /^(A'f^i , . • . , Af^^), we deduce that 
Y{M /, (g) Ik:) = [M f. ® Ik.)Y , i ^ I, . . . , n, which implies 

(U ® /K)r([/* (g /k)(5, ® /k) = (S^ ® /;c)(t/ ® /yc)>"(C/* ®Ik), i = l,...,n, 

where U : IHI^(/) — )■ F'^{Hn) is the canonical unitary operator defined by U{fa) Bq,. Using the 
characterization of the commutant of {5^ (g) /k;}"=i (see [22]), we deduce that ([/ (g) Iic)Y{U* /yc) G 
TZ'^^B^K.) and has a unique Fourier representation J2ae¥t ® C(a), C(q) G B{IC), that is, 



([/ (g) /yc)>"(C/* «) /yc) = SOT- lim V V rl"li?„ 



k=0 \a\=k 



Using the flipping unitary operator W : F^(iJ„) F^(_ff„), defined by W{ea) := eg, where a is the 
reverse of a G F+, we define <I>(Afz) e ff°°(B/)«)S(/C) by setting 

(9.5) $(Afz) := ([/*VF*L/(g)/yc)F([/*M/C/(g)/K;). 

Note that 

oo 

<^{Mz) = SOT- lim ^ ^^"^[fiMz)]a ® 

fc=0 \a\=k 
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Hence, and using the equations M'^,T\^ = , i = 1, . . . , n, we deduce that 

\ fc = 0|Q|=fc / 

oo 

= E ("^ ® lfi^'^z)]ay ® C(„)/l') 

fe=0 |a|=fe 

oo 

= l™iE E '^l"II7(A)].(f^A,2/)(/i,C(„)/i') 

/£=0 \a\=k 

\ ^ k=a \a\ = k I 

= {nx,y) {h, ^X)h') = {Qx ® HXyh, y ® h') 
for any A e B<(C), y G M^{f), and h, h' e JC. Therefore, 

(9.6) 'S>{Mz)*{nx(E>h) = nx(g)^{X)*h. 
Hence, and using relation ()9.5p . we can show that 

(9.7) Y*{Tx<»h)^Tx<»^{Xyh, X eM<{C), h,h' e IC. 
Now, we prove that $(Aj) = Aj, j ~ 1, . . . ,k, it and only if 

Pm0IcY\m(»ic = T. 

Indeed, due to relation (19.71) . we have 

{Y*iTx^(g>x),Tx^(g>y) = (^(M^)* (Fa,. ® a;), r^,. ® y) 
= (Fa, ®$(Aj)*a;,rA, ®y) 
^{Tx,,Tx,)mX,rx,y). 

On the other hand, relation (19.21) implies 

{T* (Fa, (g> x).Tx^ (g>y)^ {Tx^ , Fa,. ) {A*x, y) . 

Due to Theorem 16. 2[ we have 

(nx-.nx) Af(A,-,AO = ^- — = + 

for any j = 1, . . . , fc. Consequently, the above relations imply our assertion. 

Now, since ||y|| = ||T||, it is clear that ||y|| < 1 if and only if TT* < Im- Note that, for any 
hi, . . . ,hk £ /C, we have 

/ k k \ I ( ^ \ ( ^ 



= J2 {nx^,nx,){{iK~A,A*)h,,h,) 

k 

= Af{X„X,){{I^-A,A*)h,,h,}. 

is positive semidefinite. 



Iic-AiA* 



Consequently, we have II y II < 1 if and only if the matrix 

Ll-2l,fc=l /fo(Ai)/fc(-^j). 

This completes the proof. □ 
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Corollary 9.3. Let f = (/i, . . . ,/„) he an n-tuple of formal power series with the model property and 
let Ai, . . . , Am be m distinct points in (C). Given Ai, . . . , Am G B(JC), the following statements are 
equivalent: 

(i) there exists * G H°°(Mf)<^B{K:) such that 

ll^'ll < 1 and ^'(Aj) = Aj, j = 1, . . . , m; 

(ii) there exists $ G H°^{M<{C))®B{IC) such that 

||$|| < 1 and <^{Xj) = Aj, j = l,...,m, 

where H°°{Mf{C)) is the algebra of multipliers of H'^ (Mf (C)) ; 

(iii) the operator matrix 

Ik. - AjA* 

is positive semidefinite. 

Using this corollary, we can obtain the the following result. 

Corollary 9.4. Let f =^ (/i, . . . , /„) be an n-tuple of formal power series with the model property and let 
ifi be a complex-valued function defined on B^(C) C C". Then there exists F e H°°(Mf) with \\F\\ < 1 
such that 

</3(zi,...,2„) = F(zi,...,z„) for all (zi, . . . , z„) G (C), 
if and only if for each m-tuple of distinct points Ai, . . . , Am G (C), the matrix 

is positive semidefinite. In this case, if is a bounded analytic function on B^ (C). 

Proof. One implication follows from Corollary 19.31 Conversely, assume that ip : B^ (C) — > C is such 
that the matrix above is positive semidefinite for any m-tuple of distinct points Ai, . . . , Am G B^ (C). Let 
{Ajljli be a countable dense set inB<(C). Applving TheoremlOl for each m G N, we find fm G H°°{Mf) 
such that ||Fm|| < 1 and 

(9.8) Fm(Aj) = <^(Aj) for J = 1,..., TO. 

Since the Hardy algebra H°°{Mf) is w*-closed subalgebra in B{lP{f)) and \\Fk\\ < 1 for any to e N, we 
can use Alaoglu's theorem to find a subsequence {^fe„}m=i ^^'^ ^ G H°°{Mf) such that Fk^ — >■ F, as 
m — >■ cxD, in the w*-topology. Since Xj := {Xji, . . . , Xjn) G B^(C), the n-tuple is also of class C.q. Due to 
Theorem 14.11 and Theorem 15.51 the i/°°(B/)-functional calculus for pure n-tuples of operators in B/(?£) 
is WOT-continuous on bounded sets. Consequently, we deduce that Fk^{Xj) F{Xj), as to — >■ oo, for 
any j G N. Hence, and using relation (I9.8p . we obtain (p{Xj) = F{Xj) for j e N. Given an arbitrary 
element z G B^(C), we can apply again the above argument to find G G i/°°(B/), ||G|| < 1 such that 

G{z) = (p{z) and G{Xj) = ^(A^), j G N. 

Due to Theorem 16. 2[ the maps A i— > G(A) and A i— > -F(A) are analytic on B^ (C). Since they coincide on 
the set {Xj}^i, which is dense in B^(C)), we deduce that G(A) = ^(A) for any A G B^ (C). In particular, 
we have F{z) = fiz). Since z is an arbitrary element in B^(C), the proof is complete. □ 

We remark that, in the particular case when / = (Zi, . . . , Z„), we recover some of the results obtained 
by Arias and the author and Davidson and Pitts (see [31], [2], [llj). 
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